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Abstract 

We give an algebraic proof for the result of Eilenberg and Mac Lane that the second cohomology group 
of a simplicial group G can be computed as a quotient of a fibre product involving the first two homotopy 
groups and the first Postnikov invariant of G. Our main tool is the theory of crossed module extensions of 
groups. 

1 Introduction 

In [12], Eilenberg and Mac Lane assigned to an arcwise connected pointed topological space X a topological 
invariant k 3 £ H 3 (7ti(X),7t2(X)), that is, a 3-cohomology class of the fundamental group Tti(X) with coefficients 
in the 7ti(X)-module 7i2(X), which is nowadays known as the first Postnikov invariant of X. Thereafter, they 
showed that the second cohomology group of X with coefficients in an abelian group A only depends on ni{X), 
7i2(X) and k 3 . Explicitly, they described this dependency as follows. We let Ch(7ti(Jf), A) denote the cochain 
complex of 7ti(X) with coefficients in A and Hom ni (x){ n 2(X), A) denote the group of 7ti(X)-equivariant group 
homomorphisms from Ti2(X) to A, where 7ti(X) is supposed to act trivially on A. 

Theorem (Eilenberg, Mac Lane, 1946 [12, thm. 2]). We choose a 3-cocycle z 3 £ Z 3 (n 1 (X), n 2 (X)) such 
that k 3 = z 3 B 3 (tci(X),7Z2(X)). The second cohomology group H 2 (X, A) is isomorphic to the quotient group 

Z 2 /B 2 , 

where Z 2 is defined to be the fibre product of 

Hom ni ( X ) (7t 2 (X),A) 

Ch 2 (7t!(X),A) 9 > Ch 3 (7t!(X),A) 

with vertical map given by ip i— > z 3 (p, and where B 2 is defined to be the subgroup 

B 2 := {0} x B 2 (n 1 (X),A) < Z 2 < Rom ni(x) {n 2 {X), A) x Ch 2 (m(X) t A). 

In this article, we give an algebraic proof of the simplicial group version of the theorem of Eilenberg and 
Mac Lane, cf. theorem (5.4) (b). Since simplicial groups are algebraic models for path connected homotopy 
types of CW-spaces, this yields an algebraic proof for their original theorem mentioned above. 
It turns out to be convenient to work on the level of crossed modules. To any simplicial group G, we can 
attach its crossed module segment Trunc 1 G, while to any crossed module V, we can attach its simplicial group 
coskeleton Coski V. We have H 2 (G, A) = H 2 (Coski Trunc 1 G, A). Moreover, the crossed module segment of G 
suffices to define the Postnikov invariant A: 3 of G via choices of certain sections, see [4, ch. IV, sec. 5] or [32, 
sec. 4]. These sections pervade our algebraic approach. 

Related to this theorem, Ellis [14, th. 10] has shown that there exists a long exact sequence involving the 
second cohomology group H 2 (V, A) of a crossed module V starting with 

— ► H 2 (7T (n A) — > R 2 (V, A) — > Ho m7to(y) (mOO, A). 
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This part of his sequence is also a consequence of our Eilenberg-Mac LANE-type description of H 2 (V, A), cf. 
theorem (5.4). ( 1 ) 

Concerning Postnikov invariants, cf. also [8], where general Postnikov invariants for crossed complexes, which 
are generalisations of crossed modules, are constructed. 

Outline In section 2, we recall some basic facts from simplicial algebraic topology, in particular cohomology 
of simplicial groups. We will recall how simplicial groups, crossed modules and (ordinary) groups interrelate. 
Finally, we will give a brief outline how a cohomology class can be attached to a crossed module - and hence 
to a simplicial group - and conversely. 

In section 3, we will consider the low-dimensional cohomology groups of a simplicial group. The aim of this 
section is to give algebraic proofs of the well-known facts that the first cohomology group depends only on the 
group segment and the second cohomology group depends only on the crossed module segment of the given 
simplicial group. This gives already a convenient description of simplicial group cohomology in dimensions 
and 1, and can be seen in dimension 2 as a reduction step allowing us to work with crossed modules in the 
following. 

In section 4, we introduce a certain standardised form of 2-cocycles and 2-coboundaries of a crossed module, 
which suffices to compute the second cohomology group. On the other hand, this standardisation directly yields 
the groups Z 2 and B 2 occurring in the description of Eilenberg and Mac Lane. 

We apply our results of sections 3 and 4 in section 5 to simplicial groups, thus obtaining the analogon of 
Eilenbergs and Mac Lanes theorem. Finally, we discuss some corollaries and examples. 

Acknowledgement I thank Matthias Kunzer for many useful discussions on this article and for directing 
me to the article of Eilenberg and Mac Lane [12]. 

Conventions and notations 

We use the following conventions and notations. 

• The composite of morphisms / : X — > Y and g : Y — >■ Z is usually denoted by fg : X — » Z. The composite 
of functors F : C -> V and G : V -> £ is usually denoted by G o F : C -> £. 

• We use the notations N = {1, 2, 3, . . . } and N = N U {0}. 

• Given a map / : X -> Y and subsets X' C X, Y' C Y with X' f C Y', we write : X' -> Y', x' ^ x'f. 
Moreover, we abbreviate f\x> ■= /|^' an d f\ Y '■= f\x ■ 

• Given integers a, b E Z, we write [a, b] := {z E Z | a < z < b} for the set of integers lying between a 
and b. If we need to specify orientation, then we write \a, b~\ := (z E Z | a < z < b) for the ascending 
interval and [a, b\ = (z E Z | a > z > b) for the descending interval. Whereas we formally deal with 
tuples, we use the element notation; for example, we write riie[i 3] 9i ~ 5i52ff3 and Hie [3 ij ^ i = d^d^d 1 
or (&)»€ |3,iJ = (53,52,5i) for group elements g lt g 2 , #3- 

• Given tuples (xj)j e A and (xj)j^B with disjoint index sets A and B, we write (xj)j^A U (xj)j^B for their 
concatenation. 

• Given groups G and H, we denote by triv: G — > H the trivial group homomorphism g i-)- 1. 

• Given a group homomorphism ip: G — > H , we denote its kernel by Ker ip, its cokernel by Coker ip and its im- 
age by Ivmp. Moreover, we write inc = inc Ker¥ ' : Ker</? — > G for the inclusion and quo = quo Cokor¥ ' : H — > 
Coker tp for the quotient morphism. 

• The distinguished point in a pointed set X will be denoted by * = * x . 

• The fibre product of group homomorphisms p\ : G\ — > H and ip 2 : G2 — > H will be denoted by G\ ipi x V2 G 2 - 

A remark on functoriality Most constructions defined below, for example M, Ch, etc., are functorial, 
although we only describe them on the objects of the respective source categories. For the definitions on the 
morphisms and other details, we refer the reader for example to [30]. 

1 Ovlt notation here differs from Ellis' by a dimension shift. 
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A remark on Grothendieck universes To avoid set-theoretical difficulties, we work with Grothendieck 
universes [1, exp. I, sec. 0] in this article. In particular, every category has an object set and a morphism set. 
We suppose given a Grothendieck universe il. A set in il (or il-set) is a set that is an element of it, a map 
in it (or it-map) is a map between it-sets. The category of il- sets consisting of the set of it-sets, that is, of il, 
as object set and the set of it-maps as morphism set will be denoted by Set(n). A group in il (or it-group) is 
a group whose underlying set is a it-set, a group homomorphism in il (or it-group homomorphism) is a group 
homomorphism between il-groups. The category of ii-groups consisting of the set of it-groups as object set and 
the set of it-group homomorphisms as morphism set will be denoted by Grp^. 

Because we do not want to overload our text with the usage of Grothendieck universes, we may suppress them 
in notation, provided we work with a single fixed Grothendieck universe. For example, instead of 

Remark. We suppose given a Grothendieck universe it. The forgetful functor Grp^ — > Set^) is faithful. 

we may just write 

Remark. The forgetful functor Grp — > Set is faithful. 

Grothendieck universes will play a role in the discussion of crossed module extensions, cf. section 2.16. 

2 Preliminaries on simplicial objects, crossed modules, cohomology 
and extensions 

In this section, we recall some standard definitions and basic facts of simplicial algebraic topology and crossed 
modules. Concerning simplicial algebraic topology, the reader is refered for example to the books of Goerss 
and Jardine [16] or May [26], and a standard reference on crossed modules is the survey of Brown [5]. 
The main purpose of this section is to fix notation and to explain how the cocycle formulas in the working 
base (3.1) can be deduced. The reader willing to believe the working base (3.1) can start to read at that point, 
occasionally looking up notation. 

2.1 The category of simplex types 

We suppose given a Grothendieck universe containing an infinite set. For n £ No, we let [n] denote the category 
induced by the totally ordered set [0,n] with the natural order, and we let A be the full subcategory in Cat 
defined by Ob A := {[n] | n G No}, called the category of simplex types. 

For n G N, k G [0, n], we let 6 fc : [n — 1] — > [n] be the injection that omits k, and for n G No, k G [0, n], we let 

<j k : [n + 1] — > [n] be the surjection that repeats k. 

There is a shift functor Sh: A — A given by Sh [n] := [n + 1] and 



for i G [0, m+ 1], morphisms 9 G a([?ti], [n]), where m,n G No- 
2.2 Simplicial objects 

The category of simplicial objects in a given category C is defined to be the functor category sC := (A op ,C). 
Moreover, the category of bisimplicial objects s 2 C in C is defined to be (A op x A op ,C). The objects resp. 
morphisms of sC are called simplicial objects in C resp. simplicial morphisms in C. Likewise for s 2 C. 
Given a simplicial object A in a category C, we abbreviate X n := Ar„i for n G No- Moreover, given a 
morphism 9 G a([w], [n]), where m,n G No, we write Xg for the image of 9 under X and call this morphism 
the simplicial operation induced by 9. Similarly for bisimplicial objects. The images of the morphisms 8 k resp. 
cr fc under a simplicial object A in a given category C are denoted by dfc = d^ := X b k, called the k-ih face, for 
k G [0,n], n G N, resp. s^ = := X a k 7 called the k-th degeneracy, for k G [0,n], n G No- For the simplicial 
identities between the faces and degeneracies in our composition order, see for example [30, prop. (1.14)]. We 
use the ascending and descending interval notation for composites of faces resp. degeneracies, that is, we write 
d[(,fej := d;d;_i . . . d fe resp. Sp feji -| := s fc s fc+ i . . . s;. 




i9 for i G [0, m], 
n + 1 for i = m + 1, 
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Given an object X G ObC, we have the constant simplicial object Const X in C with Const„ X := X for n G No 
and Constg X := lx for 9 G a([w], [n]), m, n G No- 

Given a bisirnplicial object X G Obs 2 C, we have the diagonal simplicial object DiagA, defined by Diag„ A := 
X n>n and Diag e A := Xgj for 6 G a([w], [n]), m,n G N . 

A simplicial set resp. a simplicial map is a simplicial object resp. a simplicial morphism in Set( U ) for some 
Grothendieck universe it. A simplicial group resp. a simplicial group homomorphism is a simplicial object resp. 
a simplicial morphism in Grp^ for some Grothendieck universe it. 

2.3 Complexes of groups 

We denote by Cat(Z) the ordered set Z considered as a category. Given m,n G Z with m < n, the unique 
morphism from m to n will be written by (m,n). A complex of groups is a functor G: Cat(Z) — > Grp^ for 
some Grothendieck universe il such that G(n, n + 2) is trivial for all n G Z. The groups G™ = G_„ := G(n) 
for n G Z are called the entries, the homomorphisms d — d G ' n — d G n := G(n, n + 1) for n G Z are called the 
differentials of G. 

We suppose given complexes of groups G and . A complex morphism from G to H is a natural transformation 
ip: G — > -ff. The group homomorphisms (£™ = := ^(n) for n G Z are called the entries of </?. 
When defining a complex of groups G by declaring entries G™ and differentials <9 G <" only for n G No resp. G„ 
for n G No and d G for n G N, this means that the not explicitly defined entries and differentials are set to be 
trivial. Likewise for morphisms of complexes of groups. 

Given a complex of groups G, we define Z™G := Kcrd G ' n and B™G :~ Im9 G '" _1 for n G Z. A complex of 
groups G is said to be normal if B™G is a normal subgroup in Z™G for all n G Z. If G is normal, we define 
H"G := Z"G/B"G for n G Z. Moreover, we also write Z„G := Z""G, etc. 

2.4 The Moore complex of a simplicial group 

We suppose given a simplicial group G. The Moore complex of G is the complex of groups MG with entries 
M„G := P|fce[i n ] Kerd^ < G„ for n G No and differentials d :— do|^^Q lG for n G N. In particular, M G = Go- 
The boundary group B„MG is a normal subgroup of G„ for all n G No, so in particular, the Moore complex 
MG is a normal complex of groups. 

2.5 Simplicial group actions 

We suppose given a category C and a group G. Recall that a {group) action of G on an object X G ObC is a 
group homomorphism a: G op — > Autc X. 

A G-set consists of a set X together with an action a of G on X. By abuse of notation, we often refer to 
the G-set as well as to its underlying set by X. The action a is called the G-action of the G-set X. Given a 
G-set X with G-action a, we often write gx — g ■ x :— x(ga) for x € X , g G G. For an element x G X, we let 
Gx := {gx \ g G G} and A/G := {Gx | a; G X}. 

A G-module consists of a (not necessarily abelian) group M together with an action a of G on M, that is, 
a group homomorphism a : G op — > AutG rp M. By abuse of notation, we often refer to the module over G 
as well as to its underlying group by M. The action a is called the G-action of the G-module M. Given a 
G-module M with G-action a, we often write 9 m :— m(ga) for m G M, g G G. A G-module M is said to be 
abelian if its underlying group is abelian. ( 2 ) As usual, we often write M additively in this case, and we write 
gm — g ■ m :— m(ga) for m G M, g G G, where a denotes the G-action of M. 

A G-module structure on G itself is provided by the conjugation homomorphism G op — > Aut G, g 9 (— ), where 
9 x = gxg^ 1 for x, g G G. 

We suppose given a simplicial group G. A G-simplicial set consists of a simplicial set X together with actions 
of G„ on X n for n G N such that (g n x n )X = {g n G e ){x n X e ) for all g n G G„, x„ G X n , 9 G a(M, N), where 
to, n G No- Given a G-simplicial set X, we obtain an induced simplicial structure on the sets X n /G n for n G No, 
and the resulting simplicial set is denoted by X/G. 

An (abelian) G-simplicial module consists of a simplicial (abelian) group M together with actions of G„ on M n 
for n G N such that { 9n m n )M e = 9nGa (m n M e ) for all 6 G a(M, N), where m, n G N . 

2 In the literature, a G-module for a given group G is often called a G-group while an abelian G-module is just a G-module. 
However, the module part of a crossed module is in general a non-abelian module over the group part, cf. section 2.6; this would 
be more complicated to phrase using the terms from the literature. 
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2.6 Crossed modules 



A crossed module consists of a group G, a G-module M and a group homomorphism /x: M — > G such that the 
following two axioms hold. 

(Equi) Equivariance. We have ( 9 to)/x = 9 (mfx) for all to G M, g <E G. 

(Peif) Peiffer identity. We have ™ M m = "to for all m, n G M. 

Here, the action of the elements of G on G resp. of A'/ on M denote in each case the conjugation. We call 
G the group part, M the module part and it the structure morphism of the crossed module. Given a crossed 
module V with group part G, module part M and structure morphism /x, we write GpU := G, MpU := M and 
u = |oX := it. For a list of examples of crossed modules, we refer the reader to [14, sec. 2] and [30, ex. (5.2), 
ex. (5.6)]. 

We let V and W be crossed modules. A morphism of crossed modules (or crossed module morphism) from V 
to W consists of group homomorphisms <po : Gp V — > Gp W and <pi : Mp V — ► Mp W such that i^i = \± v ipo 
and such that ( 9 m)ipi — 9Vo (mipi) holds for all to G MpV, g G GpU. The group homomorphisms (p resp. <pi 
are said to be the group part resp. the module part of the morphism of crossed modules. Given a crossed module 
morphism <p from V to W with group part ipo and module part ip\, we write Gp</? := <^o an d Mpi/j := </?i. 
Composition of morphisms of crossed modules is defined by the composition on the group parts and on the 
module parts. 

We let II be a Grothendieck universe. A crossed module V is said to be in ii (or a {{-crossed module) if Gp V is 
a group in il and Mp V is a G-module in if. The category of il-crossed modules consisting of il-crossed modules 
as objects and morphisms of il-crossed modules as morphisms will be denoted by CrMod = CrMod(y). 
Given a crossed module V, the image Im u is a normal subgroup of Gp V and the kernel Ker \i is a central 
subgroup of Mp V. Moreover, the action of Gp V on Mp V restricts to a trivial action of Im u. on Ker [i. In 
particular, an action of Coker \± on Ker (i. is induced. See for example [5, sec. 3.1, sec. 3.2] or [30, prop. (5.3)]. 

Notation. Given a crossed module V, the module part Mp V resp. its opposite (Mp V) op act on (the underlying 
set of) the group part GpV by mg := (m\x)g resp. gm := g{m\i) for to e MpV, g e GpV . Using this, we get 
for example mg n — m ( 9 n) and gm = g(m\i) = ( 9 m)g for m,n <G MpV, g E GpV, cf. [32, p. 5]. Also note that 
(mg)n — m(gn) for to, n € Mp V, g G Gp V. 

Given a set X and a map /: GpV — > X, we usually write mf := m\if for to G MpU. Similarly for maps 
GpU x GpV ->• A, etc. 

Moreover, given crossed modules U and W and a morphism of crossed modules (p: V — > VF, we may write miys 
and instead of m(Mp^) and g(Gpip). Using this, we have (mg)<p = (mip)(g<p) for to G MpU, g G GpU, cf. 
again [32, p. 5]. 

2.7 Truncation and coskeleton 

Groups, crossed modules and simplicial groups can be related to each other in the following way. 
We suppose given a simplicial group G. Then we define the group Trunc G := M G/B MG = G /B MG, 
called the group segment (or the ^-truncation) of G. Moreover, we define a crossed module Trunc 1 G, called the 
crossed module segment (or the 1-truncation) of G, as follows. The group part is defined by Gp Trunc 1 G := 
M G = Go, the module part is defined by Mp Trunc 1 G := M1G/B1MG, the structure morphism is given by 
(5iBiMG)Lj. Truncl G := gid = gid for gi G M X G and the group part acts on the module part by 9o (.giBiMG) := 
9° S0 5 iBiMG for g t G M 4 G, i G [0, 1]. 

Next, we suppose given a crossed module V. We define a group TruncJ V := Coker p., called the group segment 
(or the 0-truncation) of V. Moreover, we obtain a simplicial group Coski V, the coskeleton simplicial group 
(or just the coskeleton) of V, constructed as follows. We suppose given b e No- Denoting the elements in 
(MpU) xn x GpU by (mj, ff)ie|n-i,oj := ( m i)ieln-i,o\ U (g), we equip this set with a multiplication given by 

{mi,g)ie |n-i,oj {™>'i,g')iz l»-i,0J : = (Uke Li_1,0J mk)9m '^99')ie |n-i,oj 

for m,,m^ G MpU, where i G [^ — 1, 0J , (/, g' G GpU. The resulting group will be denoted by MpU„x GpU. 
For 9 G A([m], [n]), we define a group homomorphism Mp V ex Gp V: Mp U „x Gp V -> Mp V m x Gp V by 

( TO i:9)jeL™-i,oj( M P^eX GpU) := ( m fe , ( J| "i fc )5) ieLm _ 1)0 j. 

fce L(«+ 1 ) 6 '— i.^^J fc€Loe-i,oj 
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The resulting simplicial group Coski V := Mp V *x Gp V is the coskeleton of V. ( 3 ) 

Finally, we suppose given a group G. Then we obtain a simplicial group Cosko G := Const G, the coskeleton 
simplicial group (or just the coskeleton) of G. Moreover, we obtain a crossed module Coskp G, called the 
coskeleton crossed module (or the 1-coskeleton) of G, as follows. The group part is defined by GpCosk G := G 
and the module part is defined by Mp Cosk G := {1} (and the structure morphism and the action of the group 
part on the module part are both trivial). 

All mentioned truncation and coskeleton constructions are functorial and the resulting truncation functors are 
left adjoint to the resulting coskeleton functors. The unit e: id S G rp — > Cosk oTrunc° is given by g n {^G)n = 
gVjd^jBoMG for g n e G n , n G N , G G ObsGrp, cf. [30, prop. (4.15)]. The unit e: id sGrp -> Coski oTrunc 1 
fulfills 3o(£g)o = (go) for g G G and .gi(e G )i = (3i(5idiS ) _1 BiMG, #idi) for g x G Gi, G G ObsGrp, cf. for 
example [30, def. (6.11), def. (6.15), rem. (6.14), prop. (6.9), th. (5.25)]. 

Further, we have Trunc o Cosk = idc-p, Trunc 1 o Coski = idcrMod and Trunc o CoskJ = idGrp, as well as 
Cosk = Coski o CoskJ and Trunc = Trunc" o Trunc 1 . 



sGrp <z 



Trunc 1 
Coski 



CrMod 



Cosk 1 



Trunc, 



sGrp <z 



Trunc" 



Cosko 



Grp 



Given a group G, we have 

M(Cosk G) = (... — ► 1 — > 1 — > G), 
and given a crossed module V, we have 

M(Coski V) = (. . . — > 1 — > Mp V > Gp V); 
cf. [30, prop. (6.22)]. 



2.8 Homotopy groups 

Given a simplicial group G, we call n n (G) := H„MG the n-th homotopy group of G for n G No- It is abelian 
for n G N, and we have 7t = Trunc . 

The homotopy groups of a crossed module V are defined by 



n n (V) :-- 



Coker u. for n = 0, 
Kcr u- for n = 1, 
({1} fornGN \{0,l}. 



As remarked in section 2.6, the first homotopy group ni{V) carries the structure of an abelian 7t (y)-module, 
where the action of 7To(V) on Tt\iy) is induced by the action of Gpl^ on MpF, that is, for k G TC\(V) and 
p G n n (V) we have p k = 9 k for any g G Gp V with .g(Im (i.) = p. 

We remark that the definitions of the homotopy groups of a crossed module are adapted to the definition of 
the homotopy groups of a simplicial group: Given a crossed module V, we have n n (V) = n n (Coski V) for all 
n G No, cf. for example [30, ch. VI, §3]. Moreover, given a simplicial group G, we have n n (G) = n n (Trunc 1 G) 
for n G {0,1}. ( 4 ) 



3 The category of crossed modules is equivalent to the category of (strict) categorical groups, cf. [6, thm. 1], [27, sec. 6, thm.] 
or [30, thm. (5.25)]. The coskeleton functor from crossed modules to simplicial groups can be obtained via a nerve functor from the 
category of categorical groups to the category of simplicial groups. Cf. [7, sec. 1] and [30, ch. VI, §§1-2], For another truncation- 
coskeleton-pair, cf. [2, exp. V, sec. 7.1] and [11, sec. (0.7)]. 

4 In particular, given a simplicial group G, we have n n (G) = 7i n (Coski Trunc 1 G) for n € {0,1}. This property fails for the 
truncation-coskeleton pair in [11, sec. (0.7)]. 
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2.9 Semidirect product decomposition 



We suppose given a simplicial group G. The group of n-simplices G„, where n S No, is isomorphic to an iterated 
semidirect product in terms of the entries M^G for k G [0, n] of the Moore complex MG. For example, we have 
Go = M G and Gi ^ MiG x M G and G 2 = (M 2 G x MiG) x (MiG x M G), where M G acts on MiG via 
ffo 5l := s oSOffl f or gi e MjG; j e {0^}^ MiG acts on M 2 G via := fflS °52 for g t G MiG, i G {1,2} and 
MiGx M G acts on M 2 G x MiG via (9l ' 9o) (52, M := ( (fflSl)(ffoSoSl) (52(/iiSo)) ^"^^""^H^iSo) -1 ), 9l(9oSo) ^i) 
for G MiG, i G [0, 2]. The isomorphisms are given by 

l Pi : Gi -^MiGx M G,.9i ^ ( 5l ( 5l dis ) _1 , gidi), 
pf 1 : MiGx M G -> Gi, (51,. 90) >-> 5i(.9os ) 

and 

y> 2 : G 2 (M 2 G x MiG) x (M X G x M G), 

52 i-> ((52(.g2d2Si) _1 (.g 2 d 2 So)(g 2 diSo) _1 , (g 2 di)(3 2 d 2 ) _1 ), ((g 2 d 2 )(g 2 d 2 dis ) _1 , 5 2 d 2 di)), 
c^ 1 : (M 2 Gx MiG) x (MiGx M G) -)• G 2 , {{giM), (31, 5o)) >-> ff2(/iis )(5iSi)(5os si). 
For more details, see [9] or [30, ch. IV, §2]. 

2.10 Cohomology of simplicial sets 

We suppose given a simplicial set X and an abelian group A. The cochain complex of X with coefficients 
in A is the complex of abelian groups Ch sSet (X, A) with abelian groups Ch^ Set (X,A) := Map(X„,^4) for 
n G N and differentials defined by x(cd) := I]fce[o,n+i] (-l) fe (axl fe )c for z G X n+1 , c G Ch" Set (X,A). We 
call Chg Set (X, A) the cochain group of X with coefficients in A. Moreover, we define the n-th cocycle 
group Z™ Set (X, A) := Z"Ch sSet (X, A), the n-th coboundary group B" Set (X,^4) := B"Ch sSet (X, A) and the n-th 
cohomology group H" Set (X, A) := H n Ch sSet (X, A) = Z™ Set (X, A) /B™ Set (X, A) of X with coefficients in A ( 5 ). 
An element c G Ch" Set (X, A) resp. z G Z" Set (X,A) resp. 6 G B^ Set (X, A) resp. h G H" Set (X, A) is said to be 
an n-cochain resp. an n-cocycle resp. an n-coboundary resp. an n-cohomology class of X with coefficients in A 

2.11 Nerves 

Given a group G, we define a simplicial set NG, called the nerve of G, by N„G := G x ™ for n G No and by 

(.9j)jeL«-i,oj( N e G ) : = ( ]J £;)i€|m-i,oj 
jeL(i+i)0-M0J 

for (gj)je|n-i,oj £ N„G and G a([wi], [n]), where m,n G No- 

Moreover, given a simplicial group G, the nerve functor for groups (in a suitable Grothendieck universe) yields 
the nerve of the simplicial group G, defined by NG := N o G. We obtain a simplicial object in sSet. By abuse 
of notation, we also denote the corresponding bisimplicial set by NG. 



sSet 




2.12 Cohomology of simplicial groups with coefficients in an abelian group 

Cohomology of simplicial sets can be used to define cohomology of a simplicial group G. This is done via the 
Kan classifying simplicial set WG of G, see Kan [21, def. 10.3], which is given by W„G := X j e |_ n _i ;0 j Gj for 
all n G No and 

(9j)je[n-i,o] (W e G) := ( JJ 9jG e ^])ielm-i,o\ 

j£l(i+l)9-l,i6\ W 

5 In the literature, Z™ Set (X, A) resp. B™ get (X, A) resp. H™ get (X, A) are often defined by an isomorphic complex of abelian 
groups (cf. for example [30, def. (2.18)]) and are just denoted Z n (X,A) resp. B n (X, A) resp. H n (X, A). 
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for (ffj)jGLn-i.oj <= W„G and 9 £ a([w], [n]), where m,n £ No, cf. for example [30, rem. (4.19)]. In particular, 
the faces are given by 

!{9j+ido)je[n-2,o\ for k = 0, 

(9j+idk)jeln-2,ki U ((ff fc d^)5fe_i) U (ffj)je Lfc-2,oj for k £ [l,n - 1], 
(fl'j)j€Ln-2,oj forfc = n, 

for (gj)j£[n-i,o\ £ W„G, n e N. The cochain complex of G with coefficients in an abelian group A is defined 
to be Ch(G,A) = Ch sGrp (G, A) := Ch sSet (WG, A). Moreover, we define the n-th cocycle group Z n (G,A) = 
Z sGr P ( G > A ) ■= Z sSet(WG, A), etc., for n £ N . The differentials of Ch(G, A) are given by 

(9j)je[n,o}{cd) = (ffj+ido)jeLn-i,ojc+ Yl ( _1 ) fc ((&'+idfc)j€Ln-i,k| u ((.9fc d fc).9fc-i) u (ff.;)je|fc-2,oj)c 

ke[l,n] 

+ (-l)™ +1 (ft)jeLn-i,ojC 
for (ffjOjeLnjOJ G W„+iG, c e Ch n (G, A), n e N . 

Instead of WG, one can also use DiagNG, the diagonal simplicial set of the nerve of G, see for example [15, 
app. Q.3], [19, p. 41] and [30]. The simplicial sets DiagNG and WG are simplicially homotopy equivalent [31, 
thm.], cf. also [10, thm. 1.1], and thus H"(G, A) = H" Set (WG, A) ~ H" Set (Diag NG, A) for n £ N , where A is 
an abelian group. 



2.13 Cohomology of simplicial groups with coefficients in an abelian module 

To generalise cohomology of a simplicial group G with coefficients in an abelian group A to cohomology with 
coefficients in an abelian 7t (G)-module M, we have to introduce a further notion on simplicial sets: Given 
a simplicial set X, the path simplicial set of X is the simplicial set PX := X o (Sh) op , which is simplicially 
homotopy equivalent to Const Xq [33, 8.3.14]. The faces d^ +1 : P n X — > X n for n £ No form a canonical 
simplicial map PX — > X. 

Now we follow QuiLLEN [28, ch. II, p. 6.16] and consider for a given simplicial group G the Kan resolving 
simplicial set WG := PWG. The simplicial group G acts on WG by g(gj)je\nfi\ '■= (<?.9n) U {9j)je\n-i,o\ 
for g £ G n , (gj)je[nfii <= W n G, n £ No, and the canonical simplicial map WG — > WG given by W„G — > 
W„G, {gj)je\ n ,o\ ^ (9j)je\n-i,o\ induces a simplicial bijection WG/G — > WG. 

We suppose given an abelian 7to(G)-module M. Then Const M is a simplicial abelian 7to(G)-module, and the 
unit e: id S Grp Cosko 07T0 of the adjunction 7To = Trunc H Cosko turns Const M into an abelian G-simplicial 
module via g n x n := {g n {t G ) n )x n = (0 n d|„,ij B MG)x„ for g n £ G„, x n £ M n , n £ N . Since e G is a simplicial 
group homomorphism, we have g n Gg(zG)m — gn{^G)n f° r all g n £ G„, 9 £ a([w], [n]), m,n £ No- 
We consider the subcomplex Ch hom (G, M) = Ch sGrp hom (G, M) of the cochain complex Ch sSet (WG, M) with 
entries Ch£ om (G,M) := Map Gn (W„G, M) and differentials given by 

(SjOjeln+i.oJ^) := H (- 1 ) fe (fe)jeL«+i.ojdfc)c 
fce[o,«+i] 

for )je L^+r.oj e Wn+iG, c G Ch[J om (G, M), n £ No, called the homogeneous cochain complex of G with 
coefficients in M. We want to introduce an isomorphic variant of Ch hom (G, M) using transport of structure. 
We have 

(9j)je[n+i,o} (cd) = ff„+id L „ + i ; ijB MG • (((1) U (g j+1 do)j € i n -i,o\ )c 

Lfc — 2,0J jc 

fce[l,n] 

+ (-l)" +1 (.g„d Lll!lJ B MG) • ((1) U (ft) jeL „_i, j)c) 

for (.9j)je [ri+i.oj £ W„ + iG, c G Ch^ om (G,M), n £ No- Thus Ch hom (G, M) is isomorphic to a complex 
Ch(G, M). called the cochain complex of G with coefficients in the abelian 7to(G)-module M, with entries 
Ch"(G,M) := Map(X jeL „_ li0J G,,M) = Ch" Set (WG, M) and differentials given by 

{gj)je[n,oi(cd) = (ffj+id ) :7 - eLn _i ) ojC+ 51 (- 1 ) fe ((&+i d fc)jeL«-i,fcJ u ((9fcd fc )g fc _i) U )■,•<= L k-2,oj)c 

fce[i,n] 
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+ (-l)" +1 ( ffn d KlJ B MG) • ( gj ) je[n _ lfii c 



for {gj)jein,oj € W„+iG, c e Ch"(G,M), n G No, and where an isomorphism 93: Ch hom (G,M) ->■ Ch(G,M) is 
given by 

(flj)jeLn-i,oj (c<^ n ) = ((1) U (9 3 )je[n-i,o\)c 

for 0/ j ) J - eLn _i iO j S W„G, c e Ch£ om (G,M), n e N . Moreover, we set Z™ Grp (G, M) = Z"(G,M) := 
Z™(Ch(G, M)), etc., and call Ch n (G, M) the n-th cochain group of G with coefficients in M, etc. We see 
that this definition coincides with Ch(G, A) for an abelian group A considered as an abelian 7t (G)-module with 
the trivial action of 7t (G). 

Isomorphic substitution of G with its semidirect product decomposition, cf. section 2.9, leads to an isomorphic 
substitution of the cochain complex Ch(G, M) to the analysed cochain complex Ch an (G, M) = Ch sGrpan (G, M). 
Similarly, isomorphic substitution yields Z an (G, M) = Z" Grpan (G, M), etc., and we call Ch" n (G, M) the n-th 
analysed cochain group of G with coefficients in M, etc. See (3.1) for formulas in low dimensions. 
Altogether, we have 

Ch hom (G,M) £* Ch(G,M) - Ch an (G, M). 
2.14 Cohomology of groups and cohomology of crossed modules 

Since groups and crossed modules can be considered as truncated simplicial groups, the cohomology groups of 
these algebraic objects is defined via cohomology of simplicial groups. 

Given a group G and an abelian G-module M, we define the cochain complex Ch(G, M) = Ch Grp (G,M) 
: = Ch sGrp (Cosk G,M) of G with coefficients in M. Similarly, we set Z"(G,M) = Z Grp (G,M) := 
Z™ Grp (Cosko G, M) for n <E No, etc., and call Ch"(G, M) the n-th cochain group of G with coefficients in 
M, etc. Since DiagNCosk G = WCosk G = NG, this definition of cohomology coincides with the standard 
one via BG := NG and EG := PBG. 

Given a crossed module V and an abelian 7To (V)-module M, we define the cochain complex Ch(V, M) = 
Ch CrMod (V,M) := Ch sGrp (Coski V,M) of V with coefficients in M. Similarly, we set Z"(V,M) = 
z &Mod(^ M ) : = Z sGr P ( Cosk i^ M ) for " e N o, etc., and call Ch n (V,M) the n-th cochain group of V with 
coefficients in M, etc. 



CoskJ Coski W Ch sSet (-,M) H « 

Grp CrMod > sGrp j sSet > C(AbGrp) > AbGrp 

________ — -~* Diag oN 

Cosko 

The semidirect product decomposition of Coski V is - up to simplified notation - already built into the defi- 
nition of Coski V. So the cochain complex and the analysed cochain complex of Coski V are essentially equal. 
Therefore there is no need to explicitly introduce analysed cochains for crossed modules. 

Ellis defines in [14, sec. 3] the cohomology of a crossed module V with coefficients in an abelian group A 
via the composition DiagoN. In this article, we will make use of the Kan classifying simplicial set functor 
W instead of Diag oN since W provides smaller objects, which is more convenient for direct calculations. For 
example, a 2-cocycle in Z 2 (Diag N Coski V, A) is a map (MpV r ) x4 x (GpV) x2 — > A, while a 2-cocycle in 
Z 2 (F, A) = Z 2 (W Coski V,A) is a map MpV x (Gp V) x2 -> A. 

2.15 Pointed cochains 

We let G be a simplicial group and M be an abelian 7to(G)-module. As we have seen above, an n-cochain of 
G with coefficients in M is just a map c: W n G — > M, where n e No- Since the sets W„G = X je [«— i,oj Gj 
carry structures as direct products of groups for n e No, they are pointed in a natural way with 1 = (1) [n— i,oj 
as distinguished points. Moreover, the module M is in particular an abelian group and therefore pointed with 
as distinguished point. An n-cochain c £ Ch™(G, M) is said to be pointed if it is a pointed map, that is, 
if lc = 0. The subset of Ch™(G, M) consisting of all pointed n-cochains of G with coefficients in M will be 
denoted by Ch pt (G, M) := {c 6 Ch"(G,M) | c is pointed}. We set Z£ t (G,M) := Ch" t (G,M) n Z"(G,M) for 
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the set of pointed n-cocycles, B" t (G, M) := Ch™ t (G, M) n B"(G, M) for the set of pointed n-coboundaries and 
H" t (G, M) := Z" t (G, M)/B" t (G, M) for the set of pointed n-cohomology classes of G with coefficients in M. 
We suppose given an odd natural number n G N. Every n-cocycle z G Z"(G, M) is pointed, and hence 
we have Z£ t (G,M) = Z"(G,M), B" t (G, M) = B"(G,M) and H" t (G, M) = H"(G,M). Moreover, we have 
B:;/ : iG..W: (Ch£(G,M))0. 

So we suppose given an even natural number n G N and an n-cocycle z G Z™(G, M). The pointisation of z is 
given by z pt := z — p z <9, where the pointiser of z is defined to be the (n — l)-cochain p z G Ch™ _1 (G, M) given 
b y {9j)je[n-2,oiPz ■= (l)j e L n _i,oj^ for g 3 G Gj, j G |n - 2,0J. We obtain 

(.9j)jeL"-i,oj zPt = (.9j)ieL™-i,oj z _ 5n-id|n-i,ijBoMG • (l^-g^.^oj^ 

for gj G Gj, j G |_«. — 1 , J . In particular, the pointisation z pt of every z G Z"(G, M) is pointed. Moreover, we 
have Z"(G,M) = {z G Z"(G,M) | z pt = z} and the embedding Z"(G,M) Z"(G,M) and the pointisation 
homomorphism Z"(G, M) — > Z" t (G, M), z i-> z pt induce mutually inverse isomorphisms between H™ t (G, M) and 
H"(G,M). 
Altogether, we have 

H"(G,M) = H" t (G, M) 

for all n G N. 

Given a crossed module V and an abelian 7T (V)-module M, we write Ch pt (V,M) := Ch pt (Coski V, M), etc. 
Similarly, given a group G and an abelian G-module M, we write Ch pt (G, M) :— Ch pt (Cosk G, M), etc. 

2.16 Crossed module extensions 

We suppose given a group IIo and an abelian Ilo-module Yli, which will be written multiplicatively. 

A crossed module extension (or 2-extension) of n with Hi consists of a crossed module E together with a group 

monomorphism i : III — > Mp E and a group epimorphism n : Gp E — >• n such that 

n! MpS -A G P £; ^> n 

is an exact sequence of groups and such that the induced action of n on Ui caused by the action of the crossed 
module E coincides with the a priori given action of IIo on IIi, that is, such that 9 (ki) = ( 97T k)i for g G Gpi? 
and fc G IIi. By abuse of notation, we often refer to the crossed module extension as well as to its underlying 
crossed module by E. The homomorphisms i resp. it are said to be the canonical monomorphism resp. the 
canonical epimorphism of the crossed module extension E. Given a crossed module extension E of IIo with IT 
with canonical monomorphism l and canonical epimorphism n, we write i = i E :— t and 7t = tc e := n. 
We suppose given a Grothendieck universe il. A crossed module extension is said to be in il (or a il- crossed 
module extension) if its underlying crossed module is in il. The set of crossed module extensions in il of G with 
M will be denoted by Ext 2 (G, M) = Ext?,(G, M). 

By definition, we have n (E) = n and ni(E) = Hi for every crossed module extension E of n with IIi. 
Conversely, given an arbitrary crossed module V, we have the crossed module extension 

ni (y) Mp y -^4 Gp V MV), 

again denoted by V. That is, the canonical monomorphism of V is i v = inc" 1 ^ , and the canonical epimorphism 
is n v = quo" ^). 

We let E and E be crossed module extensions of IIo with IIi . An extension equivalence from E to E is a 
morphism of crossed modules ip: E — > E such that i E = i E (Mp(p) and n E = (Gpcp)TC E . 

ni — !— -> MpE g Pj b n 



Mp 



Gp y 



E ^ s 

ni — 1 — > MpE GpE n 



We suppose given a Grothendieck universe il and we let w = My be the equivalence relation on Ext f ( (rio. IIi ) 



generated by the following relation: Given extensions E,E G Ext ^flln, IIi ), the extension E is in relation to the 
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extension E if there exists an extension equivalence E — > E. Given il-crossed module extensions E and E with 
E w we say that and £7 are extension equivalent. The set of equivalence classes of crossed module extensions 
in il of Ilo with 111 with respect to wji is denoted by Ext 2 (no,ITi) = Ext^(iTo,rii) := Ext 2 ( (IIo, and 
an element of Ext 2 (n ,iTi) is said to be a crossed module extension class of n with 111 in II (or a ii-crossed 
module extension class of U with ITi). 

The following theorem appeared in various guises, see Mac Lane [25] and Ratcliffe [29, th. 9.4]. It has 
been generalised to crossed complexes by Holt [17, th. 4.5] and, independently, HUEBSCHMANN [18, p. 310]. 
Moreover, there is a version for n-cat groups given by Loday [23, th. 4.2]. 

Theorem. There is a bijection between the set of crossed module extension classes Ext^ILo, IT) and the third 
cohomology group H 3 (n ,IIi), where il is supposed to be a Grothendieck universe containing an infinite set. 

This theorem can also be shown by arguments due to Eilenberg and Mac Lane, see [13, sec. 7, sec. 9] 
and [24, sec. 7]. A detailed proof following these arguments, using the language of crossed modules, can be 
found in the manuscript [32], where a bijection Ext 2 ; (Ilo, IIi) — >■ H 3 (iIo, IT), [-E]»i U >— > z 3 g B 3 (IIo, IT) is explicitly 
constructed. This construction is used throughout section 4. The inverse bijection z 3 B 3 (no,IT) i-> [E(z 3 )]~ u 
is used in corollary (4.10). We give a sketch of these constructions. That is, we indicate how a 3-cohomology 
class of Hq with coefficients in IT can be associated to a crossed module extension (class) of Ilo with IT, and 
conversely, how a crossed module extension can be constructed from a given 3-cohomology class. 
Given pointed sets Xi for i E I and Y, where I is supposed to be an index set, let us call a map / : X ieI Xi — > Y 
componentwise pointed if (xi)i e jf = * for all (xi) ie j E X ieI Xi with Xi = * for some i E I. So in particular, 
interpreting groups as pointed sets in the usual way, a 3-cochain c 3 E Ch 3 (IIo,IIi) is componentwise pointed 
if it fulfills (q,p, l)c 3 = (q, l,p)c 3 = (l,q,p)c 3 = 1 for all p, q E U . The set of componentwise pointed 
3-cochains of n with coefficients in IT will be denoted by Ch 3 pt (n , IT), the set of componentwise pointed 
3-cocycles by Z 3 pt (n ,ni) := Z 3 (n ,ni) n Ch 3 pt (n , IT), the set of componentwise pointed 3-coboundaries 
by B 3 pt (iIo,IIi) := B 3 (IIo,IIi) n Ch 3 pt (IIo,IIi) and the set of componentwise pointed 3-cohomology classes 
by H 3 pt (n ,IT) := Zj^tllo.niVB^no.IIi). With these notations, we have H 3 (n ,IT) = H 3 pt (n , n^. 
Analogously in other dimensions, cf. for example [32, cor. (3.7)]. 

We suppose given a crossed module extension E of no with IIi. First, we choose a lift of idn along the 
underlying pointed map of 7t, that is, a pointed map Z 1 : Hq — > Gp E with Z l n = idn - We obtain the 
componentwise pointed map 

z 2 = z\ zl : n xn„ -Hmjl.fop) ^ (qZ 1 ){ P Z 1 ){{qp)Z 1 )- 1 

fulfilling the non-abelian 2-cocycle condition 

{r,q)z 2 (rq,p)z 2 = rZ ' {{q,p)z 2 ){r, qp)z 2 

for p,q,r E Ilo- Therefore, we will call z 2 the non-abelian 2-cocycle of E with respect to Z 1 . Next, we choose 
a componentwise pointed lift of z 2 along (o.| Im ^ , that is, a componentwise pointed map Z 2 : U x n — > MpE 
with Z 2 (\i\ lra ^) = z 2 . This leads to the map 

z 3 = z !,(2 2 ,zi) : n x n x n — > ill , 

(r,q,p)^ ((r,q)Z 2 (rq,p)Z 2 ((r,qp)Z 2 )- 1 ( rZl ((q,p)Z 2 ))- 1 )(l\^ l )-\ 

which is shown to be a componentwise pointed 3-cocycle of n with coefficients in IT, that is, an element of 
Z 3 pt (no,IIi). One shows that the cohomology class of z 3 is independent from the choices of Z 1 , Z 2 and the 
representative E in its extension class. 

A pair (Z 2 , Z 1 ) of componentwise pointed maps Z 1 : U — > Gpi^ and Z 2 : n xn — > MpE such that Z 1 n = idn 
and Z' 2 (|x| Im ^) = z 2 is called a lifting system for E. Moreover, a pair (s^s ) of pointed maps s° : Flo — > Gp E 
and s 1 : Im u — > Mp E such that s°n = idn and s 1 (|J.| Im (x ) = idi m ^ is said to be a section system for E. Every 
section system (s^s ) for E provides a lifting system {Z 2 ,Z r ) for E by setting Z 1 := s° and Z 2 := z| ^s 1 , 
called the lifting system coming from (s , s ). The 3-cocycle z 3 G Z 3 pt (no,Ili) constructed as indicated above 
will be called the 3-cocycle of E with respect to (Z 2 , Z 1 ). If (Z 2 , Z 1 ) comes from a section system (s 1 , s°), we 
also write z 3 = z 3 E , gl s0 ^ := z\ , z2 zl - ) and call this the 3-cocycle of E with respect to (s 1 , s°). Finally, we call 
cl(-E) := z 3 B 3 pt (n , IIi) the cohomology class associated to E. 

We note two more facts: First, for every componentwise pointed 3-cocycle z 3 E Z 3 pt (no,IT) with cl(E) = 
z 3 B 3 pt (n , IIi) there exists a lifting system (Z 2 , Z 1 ) such that z 3 E , z2 zl , = z 3 , cf. for example [32, prop. (5.19)]. 
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Second, given crossed module extensions E and E and an extension equivalence ip: E — > E, there exist a section 

system (s 1 , s°) for E and a section system (s 1 , s°) for E such that s° = s°(Gpip) and s 1 (Mp</?) = (Gp [JeS 1 , 

and moreover such that z|, s0 ) = , 5i g0 )i ci - f° r example [32, prop. (5.16)(b), prop. (5.14)(c)]. 

Conversely, for a componentwise pointed 3-cocycle z 3 E Z 3 pt (IIo, 111), the standard extension of il with III 
with respect to z 3 is constructed as follows. 

We let F be a free group on the underlying pointed set of n with basis s° = Z 1 : U — > F, that is, F is a free 
group on the set n \ {1} and s° maps x E IT \ {1} to the corresponding generator xs° G F, and Is = 1. 
We let 7r : F — > IIo be induced by idn : IIo — > Ho . The basis s° is a section of the underlying pointed map of 
7r. We let z 2 : IJ x n -> Kcr7r, i-> (gs )(ps°)((gp)s°) _1 . We let t: III -> III x Ker7r,m i-> (m, 1) and 

,u: n xKcr7r -> F, (m, /) i-» /. We let s 1 : Kern -> il xKer-zr, / i-» (1, /) and we let Z 2 : U xU -)■ III xKer7r 
be given by Z 2 := z 2 s 1 . The direct product IT x Ker7r is generated by Imt U ImZ 2 and carries the structure 
of an F-module uniquely determined on this set of generators by rZ (ki) := ( r k)i for k G Hi, r G IIo, and 
rZl ((q,p)Z 2 ) ■.= ((r iq ,p)zh)-\(r, q )Z 2 )((r q ,p)Z 2 )((r, q p)Z 2 )^ for p, q ,rEG. 

These data define the standard extension E(z 3 ) and the standard section system (s^, 3 ,s 3 ) for E(z 3 ): The 
group part of E(z 3 ) is given by GpE(z 3 ) := F, the module part is given by MpE(z 3 ) := M x Kcr-zr and the 
structure morphism is given by |i E ( 2 ) := fj,. We have the canonical monomorphism i E< - z ** := i and the canonical 
epimorphism 7t E ^ ) := tt. The section system (s* 3 ,s^ 3 ) is defined by s° 3 := s° and s* 3 := s 1 . 
By construction, the 3-cocycle of E(z 3 ) with respect to the section system (s^ 3 ,s° 3 ) is z 3 . In particular, 
cl(E(z 3 )) = z 3 B 3 pt (G,M). ' 

3 Low dimensional cohomology of a simplicial group 

In this section, we will show that the zeroth cohomology group of a simplicial group depends only on the 
coefficient module, that the first cohomology group depends only on the O-truncation and that the second 
cohomology group depends only on the 1-truncation. 

Our results shall be achieved by means of calculations with analysed cocycles and coboundaries in low dimen- 
sions. Therefore, we restate their definitions explicitly. 

(3.1) Working base. 

(a) We suppose given a simplicial group G and an abelian 7T (G)-module M. The analysed cochain complex 
Ch an (G, M) starts with the following entries. ( 6 ) 

Ch an (G,M) = Map({l},M), 

Ch an (G, M) = Map(M G,M), 

Ch 2 n (G,M) = Map(MiG x M G x M G,M), 

Ch 3 n (G, M) = Map(M 2 G x MiG x MiG x M G x MiG x M G x M G, M). 
The differentials are given by 

(g )(cd) = lc- 5o B MG-lc 
for g E M G, c G Ch an (G, M), by 

{gi,h ,go)(cd) = {giho)c- (h g )c + h B MG ■ (g )c 
for .go, h a G M G, g 1 E MiG, c G Ch an (G, M), and by 

{92,ki,hi,ko,gi,h ,go)(cd) 

= ((g 2 d)ki, (h\d)k , (gid)h )c - (fcifti, fco, h g )c+ (h\ k ° s °gi, k h 0} g )c - fc B MG • (g 1 , h ,go)c 
for 3o , ho, fco G M G, 9l , h lt h E MiG, g 2 E M 2 G, c G Ch 2 n (G, M). 

6 To simplify notation, we identify (MiG X M G) X (M G) with MiG X M G X M G, etc. 
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(b) We suppose given a crossed module V and an abelian n (V)- module M. The cochain complex Ch(V,M) 
starts with the following entries. 

Ch°(V,M) = Map({l},M), 

Ch^V, M) = Map(Gp V, M), 

Ch 2 (V, M) = Map(Mp V x Gp V x Gp V, M), 

Ch 3 (t/, M) = Map(Mp V x Mp V x Gp V x Mp V x Gp V x Gp V, M). 
The differentials are given by 

(g)(cd) = lc-#(Imu.) ■ lc 
for 3eGpy.ce Ch°(V, M). by 

(to, h, g){cd) — (mh)c — (hg)c + h(lm (x) • (g)c 
for g, h e Gp V, me Mp V, c <E Ch^V, M), and by 

(p, n, fc, m, ft, g){cd) — (p, nk, mh)c — (pn, fc, ft.g)c + (n fc TO, kh, g)c — k(lm \x) ■ (m, h, g)c 
for g,h,k€ Gp V, m,n,p £ Mp V, ce Ch 2 (F,M). 

Proof. 

(a) We show how the differential d: Ch 2 n (G, M) — > Ch 3 n (G, M) of the analysed cochain complex is computed 
using transport of structure, the easier lower dimensional cases are left to the reader. 

The corresponding entries of the cochain complex are Ch 2 (G, M) — Map(Gi x Go, M) and Ch 3 (G, M) = 
Map(G2 x Gi x Go, M). Now the semidirect product decompositions of Go, Gi and G2 are given by the 
isomorphisms 

(po - G -> M G,.9o i-> .9o, 
^o" 1 : M G G ,. 90 ^ go, 

<p±: Gi -> MiGx M G,5i i-> (gi^idiso) -1 , ffidi), 
pf 1 : M x Gx M G -> Gi, (gi,g a ) ^ Si(ffoSo), 
932 : G 2 -> (M 2 G x MiG) x (MiG x M G), 

.92 •->■ ((52(g2d2Si) _1 (g 2 d 2 So)(g 2 diSo) _1 , (g 2 di)(g 2 d2) _1 ), ((.92d2)(g 2 d 2 diS )~ 1 ,52d2d :L )), 
i^ 1 : (M 2 Gx MiG)x (M x Gx M G) -> G 2 , (G? 2 , hi), (51, So)) >-> g2(hiSo)(g 1 s 1 )(g s s 1 ). 

Moreover, the image c'd £ Ch 3 (G, M) of a 2-cochain d G Ch 2 (G, M) is defined by 

(52,5i,3o)(c'<9) = (52d ,gid )c' - (# 2 di, (ffidi)^)^ + {(g 2 d 2 )gi, g )c' - (g 2 d 2 d 1 B MG)(g 1 , g )d . 

Hence we obtain 

Ch 2 n (G,M) = Map((MiG x M G) x M G,M), 

Ch 3 n (G,M) = Map((M 2 G x MiG x MiG x M G) x (MiG x M G) x M G,M), 

and, using the isomorphisms ipi for i E {0,1,2}, the image cd 6 Ch an (G, M) of an analysed 2-cochain 
c e Ch 2 n (G,M) is given by 

cd = x ipi 1 x ¥>o ^(((Vi x <A))c)<9), 
that is, we have 

((g2,k 1 ,h 1 ,k ),(g 1 ,h a ),g a )(cd) = ((g 2 , h, ht, ko)^ 1 , (g x , ho)^ 1 , g a if^ 1 )(((if 1 x (p )c)d) 
= {g 2 (h so)(/nsi)(fcos si), gi (ftoSo),5o)(((vi x ¥>o)c)3) 
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= ((s , 2(fciSo)(/iiSi)(fc s si))do, (ffi(/ioSo))do)((^i x <p )c) 

- ((.g 2 (fciSo)(friSi)(fc s si))di, ((ffi( /l oSo))di).g )((^i x <A))c) 
+ (((52(fciSo)(/iiSi)(fc soSi))d 2 )(5i(/ioSo)),fl , o)((</'i x ¥>o)c) 

- (.g2(fciSo)(ft-iSi)(fcoSoSi))d 2 diBoMG • (si(/ioSo),ffo)((<Pi x ip )c) 

= {((g2d)k 1 (h 1 ds )(k s ))<Pi, ((gid)h )f )c - ((k 1 h 1 (k s j)f 1} (h g )fo)c 

+ ((hi(k s )gi(h a s ))(pi, g Q (p )c - fc B MG • ((gi{h s ))<pi, go<Po)c 
= (((g 2 d)k 1 (h 1 ds )(k s )(k () s () y 1 (h 1 dsoy 1 , (fti9)fc ), (gid)h )c - ((k 1 h 1 (k s )(k s y 1 , k ), h g )c 

+ {{h 1 (k So)g 1 {h s )(h s () y 1 (koS () y 1 7 k h ),g )c - fc B MG • ((gi(h So)(h So)~ 1 , h ),g )c 
= (((g 2 d)ki, (hid)k ),gih )c - (((kid)hi,k ),h g )c + ((hi k °gi, k h a ), g )c 

- fc B MG • ((gi, h Q ),g Q )c 

for .go, h , k G M G, gtMM G MiG, .g 2 G M 2 G. 

(b) This follows from (a) and the definition of crossed module cohomology via Coski, cf. section 2.14. □ 

We immediately obtain the following result about the zeroth cohomology group, which states that it only 
depends on the module of coefficients (and therefore implicitly on the zeroth homotopy group by our choice of 
coefficients) . 

(3.2) Proposition. Given a simplicial group G and an abelian 7r (G)-module M, we have 
H°(G, M) = H (tt (G), M) = {m£M\pm = m for all p G tt (G)}. 

(3.3) Corollary. Given a crossed module V and an abelian 7t (F)-module M, we have 

H°(V, M) = B°(n Q (V),M) = {m G M \ pm = m for all p G n (V)}. 

We suppose given a simplicial group G, an abelian group A and n G {0, 1}. In propositions (3.5) and (3.13), 
we will show that H" +1 (G, A) = H™ +1 (Trunc™ G, A). Using homotopy theory of topological spaces, this can be 
seen as follows. 

We consider the unit component : G — > Cosk„ Trunc™ G of the adjunction Trunc" H Cosk„ and claim that 
7tfc£(3 is an isomorphism for k G [0, n] , cf. section 2.7. If n = 0, one reads off that Trunc to is an isomorphism and 
hence 7To£g is an isomorphism since tiq = Trunc . If n = 1, one reads off that Gp(Trunc x Zq) an d Mp(Trunc 1 Zg) 
are isomorphisms, hence Trunc 1 £g is an isomorphism and thus ti^Zg = Ttfe (Trunc 1 Eg) are isomorphisms for 
k G [0,1], cf. [30, prop. (6.25)]. 

The canonical simplicial map WG — > WG is a Kan fibration with fiber G, and WG is contractible, see [16, ch. V, 
lem. 4.1, lem. 4.6]. Analogously for Cosk„ Trunc™ G, so the induced long exact homotopy sequence [22, ch. VII, 
4.1, 4.2, 5.3] shows that 7tfe(W£G) are isomorphisms for k G [0, n+1]. It follows that 7tfe(|WeG|) are isomorphisms 
for k G [0,n+l], see [16, ch. I, prop. 11.1] and [22, ch. VII, 10.9]. The Whitehead theorem [3, ch. VII, th. 11.21(b)] 
provides isomorphisms Hfe(|W£G|) for k G [0,n+ 1]. The universal coefficient theorem [3, ch. V, cor. 7.2] yields 
isomorphisms H fe (|W£G|,^4) for k G [0,n+ 1]. Finally, H' c (W£g, A) are isomorphisms for k G [0, n + 1] by [20, 
th. 6.3]. In particular, one obtains H" +1 (G, A) = H" +1 (Cosk„ Trunc™ G, A) = H™ +1 (Trunc™ G, A), as desired. 
However, we will not make use of these topological arguments. Following the overall intention of this article, 
we will give direct algebraic proofs of these results. Moreover, we will use proposition (3.11)(b) several times in 
section 4, in particular in the proofs of proposition (4.4) and proposition (4.7). 

(3.4) Proposition. We suppose given a simplicial group G and an abelian 7T (G)-module M. The first analysed 
cocycle group Z 1 a (G, M) is the kernel of 

inc z 1 (M G,M) Ch i^MG jM ). Z i( Mo G,M) Ch^MxG, M), 

that is, we have 

Zl n (G,M) = {z G Z^MqG.M) | z |b o mg - 0}. 
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Proof. For every element z G Z* n (G,M), we have 

= (1, h ,g )(zd Ch ^ G - M )) = (ho)z - (h o9o )z + h B MG ■ (g )z = (ho, . 9 o)(^ Ch(M ° G < M) ) 
for all go, G M G as well as 

0=( gi ,l,l)(zd Ch ^ G ' M ^ = ( 9l d)z 

for all gi G MiG, that is, Z* n (G, M) C Z 1 (M G, M) and z|b mg = 0. Conversely, given a 1-cocycle z G 
Z 1 (M G,M) with z |b mg = 0, it follows that 

Vffo)(^ Ch » (G ' M) ) = ((gid)h )z - (h g )z + h B MG • (g )z 

= [gi)z + { gi d)B MG ■ (h )z - (h go)z + h B MG ■ [g )z 

= (h )z - (h g )z + h B MG ■ (g )z = (h , 5o )Ud Ch(Mt)G ' M) ) = 

for gi G MiG, 50, ^0 G M G, that is, Zq G Z^ n (G, M). Altogether, we have 

Z\JG,M) = {z G Z^MoG.M) | z |b o mg = 0}. □ 

Recall that Ch(Trunc° G, M) = Ch an (Cosk Trunc G, M) for every simplicial group G. 

(3.5) Proposition. Given a simplicial group G and an abelian 7to(G)-module M, the unit component e G : G ^ 
Cosk Trunc G of the adjunction Trunc H Cosk induces an isomorphism 

Zi n (£ G ,M): Z^Trunc G,M) -> Z^ n (G,M), 

which in turn induces isomorphisms B\ n (z G ,M) and B\\ n (z Gl M). In particular, we have 

H 1 (G, M) = H 1 (Trunc G, M). 

Proof. We let 7t: M G — > M G/B MG = Trunc G denote the canonical epimorphism, cf. section 2.7. The 
induced group homomorphism Z\ n (t Gl M) is given by (gv)(z'Z\ n (z Gl M)) = (g n n)z' for g G M G, z' G 
Z 1 (Trunc G,M). Thus we have z'Zl n (e G ,M) = if and only if already z' = 0, that is, Z\ n (t G ,M) is in- 
ject ive. 

To show surjectivity, we suppose given an analysed 1-cochain z G Z an (G,Af). We choose a section of the 
underlying pointed map of 7t, that is, a pointed map s: Trunc G — > MoG with sn = id Trunc o G . Then 
(qs)(ps)((qp)s)~ 1 G Kcr7T = BoMG and therefore, by proposition (3.4), 

((qs)(ps))z = (WWiW.)" 1 ^ = ((qs^psXiqp^y^z + ((qs^psXiqp^y^BoMG ■ ((qp)s)z 

= ((qp)s)z 

for all p,? £ Trunc G. Now the pointed map z 1 : Trunc G — >• M defined by (p)z' := (ps)z for p G Trunc G is 
a 1-cocycle in Z 1 (Trunc G,M) since 

(q,p)(z'd C ^ Tlunc ° G ' M >) = (q)z' - (qp)z' + q ■ (p)z' = (qs)z - {{qp)s)z + qsn ■ (ps)z 

= (qs)z - ((qs)(ps))z + (qs)B Q MG ■ (ps)z = (l,q S ,p S )(zd Ch ^ (G ' M ^ = 

for all p,q G Trunc G. Further, goigons) -1 G Ker7t = B MG implies, using proposition (3.4), 

= (goigonsy^z = {g )z + . 9o B MG • ((gonsy^z = (g )z + (g ns)B MG ■ ((gonsy^z 
= (go)z - (ffoTTs)z + ((g ns)(g n S y 1 )z = (g )z - (g )(z , Zl n (e G ,M)) 

and therefore (g a )(z'Zl n (e G , M)) = (g )z for all g G M G, that is, z'Z\ n (i G ,M) = z. Thus Z^ n (e G ,M) is 
surjective. Altogether, Z\ n (i G ,M) is an isomorphism of abelian groups. 

Now the injectivity of Z\ n (z G ,M) implies the injectivity of the restriction B\ n (z G ,M). To show that this is 
also an isomorphism, it remains to show that for every analysed 1-coboundary b G B^ n (G, M), the 1-cocycle 
V G Z 1 (Trunc G,M) given by (p)b' := (ps)b for p G Trunc G is in fact a 1-coboundary, that is, an element 
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in B 1 (Trunc° G, M). Indeed, given b G B* n (G, M) and an analysed O-cochain c G Ch° n (G,M) with 6 = 
c9 Ch an (G,M) ; it follows that 

(p)fc' - (p*)6 = lc - (ps)B MG • lc = lc - p • lc = (p)(cd Ch(Trunc ° GM) ) 
for all p G Trunc G and hence b' = c a ch ( Trunc ° G - M ) G B 1 (Trunc G, M). 

Thus we have shown that Z\ a (zo,M) and B^ n (e.c,M) are isomorphisms, and hence \l\ n (tQ,M) is also an 
isomorphism. In particular, we have 

H^G, M) = H* n (G, M) ~ H 1 (Trunc G, M). □ 

(3.6) Corollary. Given a simplicial group G and an abelian 7To(G)-module M, we have 
H^CM) = H 1 (tt (G),M). 

(3.7) Corollary. Given a crossed module V and an abelian 7t (F)-module M, we have 
H 1 (y, M) = H 1 (7To(y), M). 

We recall a simple fact of 2-cocycles of (ordinary) groups: 

(3.8) Remark. We let G be a group and M be an abelian G-module. For every 2-cocycle z G Z 2 (G, M), we 
have (g, l)z = g ■ (1, l)z and (l,g)z = (1, l)z for all g G G. 

Proof. Given a 2-cocycle z G Z 2 (G, M), we have 

= (g, 1, l)(z5) - (g, l)z - (g, l)z + (g, l)z - g ■ (1, l)z = (g, l)z - g ■ (1, l)z, 
that is, {g, l)z = g ■ (1, l)z, and 

= (1, l,. 9 )(za) = (1, l)z - (l,g)z + (l,g)z - (l,g)z = (1, l)z - (l,g)z, 
that is, (l,g)z = (1, l)z for all g G G. □ 

(3.9) Corollary. We let G be a group and M be an abelian G-module. A 2-cocycle z G Z 2 (G, M) is compo- 
nentwise pointed if and only if it is pointed. 

To simplify our calculations, we give a bit more convenient description of the analysed 2-cocycles. 

(3.10) Definition (Moore decomposition of analysed 2-cochains). 

(a) We let G be a simplicial group and M be an abelian 7to(G)-module. Given an analysed 2-cochain c G 
Ch 2 n (G, M), the 1-cochain c Ml G Ch^MiG, M) defined by (gi)c Ml ■= (gi, 1, l)c for g x G M X G is called the 
Mi -part of c, and the 2-cochain cm G Ch 2 (M G, M) defined by (ho, go) c M '■= (1 ; h ,go)c for go, h G M G 
is called the M -part of c. 

(b) We let V be a crossed module and M be an abelian 7To(T^)-module. Given a 2-cochain c G Ch 2 (V, M), we 
call the Mi-part of c also the module part of c and write cm p := cm x , and we call the Mo-part of c also the 
group part of c and write cq p :=Cm - That is, (m)cM P = {m, 1, l)c for m G Mp V" and (ft, <7)cg p = (l,ft,#)c 
for g, ft G Gp V. 

(3.11) Proposition. 

(a) We suppose given a simplicial group G and an abelian 7To(G)-module M. An analysed 2-cochain z G 
Ch 2 n (G, M) is an analysed 2-cocycle if and only if it fulfills the following conditions. 

(i) We have (gi, ft , g )z = (gi)z Ml - (gid,h )z Ma + (ho,go)z Mo for gi G MiG, g ,h G M G. 

(ii) The Mo-part Zm 1S a 2-cocycle of MoG with coefficients in M, that is, zm G Z 2 (MoG,M). 

(iii) We have [h 1 g 1 )z Ml = (hi)z Ml + (.9i) z M! - (hid,gid)z Mo for #i,fti G MiG. 

(iv) We have ( SoSo fifi)z Ml = 5oB MG • (gi)z Ml + ( 9o (gid), g )z Mo - (go, gid)z Mo for gi G MiG, 5o G M G. 

(v) We have (g 2 d)z Ml = (l)z Ml for g 2 G M 2 G. 
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(b) We suppose given a crossed module V and an abelian 7t (V)-module M. A 2-cochain z £ Ch 2 (V, M) is a 
2-cocycle if and only if it fulfills the following conditions. 

(i) We have (m, h, g)z = (m)z\i p — {jn, h)zQ p + (h, g)z Gp for m £ Mp V, g,h £ Gp V. 

(ii) The group part zq p is a 2-cocycle of Gp V with coefficients in M, that is, zq p £ Z 2 (Gp V, M). 
(hi) We have (nm)zM P — (h)zm p + (m)zM P — (n, m)zQ p for m,n £ Mp V. 

(iv) We have ( s m)z Mp = 5(Imu.) • (™)z Mp + ( 9 m,g)z Gp - (g,m)z Gp for m £ Mp V, 5 G Gp V. 

Proof. 

(a) First, we suppose given an analysed 2-cocycle z £ Z 2 n (G, M). We verify the asserted formulas: 

(ii) We have 

= (1,1,1, k ,l, h , go)(zd) 
= (1, fc , ho)z - (1, k ,h go)z + (1, k h a ,g a )z - fc B MG • (1, h a ,g )z 
= {ko,h )z Mo - {ko,h g )z Mo + {koh ,go)zM - fc B MG • (h ,go)zM 

for g ,h ,k £ M Q G, that is, z Mo G Z 2 (M G, M). 
(i) First, we prove the formula for ho — 1, then for <? = 1 and finally for the general case. 
We have 

= 1,1, 1, g , g^izd) = (gi,l,g a )z - (pi, 1, l)z + (l, 5o ,.9o _ ^^o^o 1 ) 2 

= (gi, i,go)z - {gi)zM 1 , 

that is, (g 1 , l,g )z = (gi)z Ml for g 1 £ MiG, ,g G M G. 
Next, we obtain 

= (1, l,l,h ,l)(zd) = (l,g 1 d,h )z - (g 1 ,l,h )z + (g 1 ,h ,l)z - (l,h ,l)z 
= (gid,h )z Mo - {gi)z Ml +{gi,h ,l)z- (h ,l)z Mo , 

that is, (#i, h , 1)2 = {g\)zM 1 - {g\d, h )z Mo + {ho, 1)zm for 51 £ MiG, h a £ M G. 
Finally, we get, using (ii) and remark (3.8), 

= (1,51, l,h , 1, l,g )(zd) = (gi,h , l)z - (51, h a ,go)z + (1, h ,go)z - h B MG ■ (1, 1,50)2 
= (5i)2Mi - (gid, ho)z Mo + (ho, l)z Mo - (51, h a ,go)z + (h ,go)zM a ~ h B MG • (l,g )z Mo 
= (5i)2Mi - {gid, ho)z Mo - (gi,h ,g )z + (h ,go)zM 

that is, (gi,ho,go)z = (gi)z Ml - (gid,h )z M „ + (h ,go)zM for 51 £ MiG, g ,h £ M G. 
(hi) We have 

= (1, 1, hi, 1, 51, 1, l){zd) = (1, hid,gid)z - {hi, 1, l)z + (higi, 1, l)z - (51, 1, l)z 
= (hid,gid)z Ma - (hi)z Ml + (higi)z Ml - (gi)z Ml , 

that is, (higi)z Ml = (hi)z Ml + {gijZMx - (hid,gid)z Mo for 51, hi £ MiG. 

(iv) We have, using (i), 

= (1, 1, 1, 3o ,5i, 1, l)(zd) = (1, go,gid)z - (1, g , l)z + { 9oS °gi,go, l)z - 5oB MG • (51, 1, l)z 
= (go,gid)z Mo + ( 9oSo g 1 )z Ml - ( 9o {gid),g )z Mo - 5 B MG • (5i)z Ml , 

that is, ( 9 « s ° gi )z Ml = 5oB MG • (5i)2 Ml + ( 9o (gid),go)z Mo ~ (go,gid)z Mo for gi £ MiG, go £ M G. 

(v) We have 

= ( 52 , 1, 1, 1, 1, 1, l)(zd) = (g 2 d, 1, l)z - (1, 1, l)z + (1, 1, l)z - (1, 1, l)z 
= (g2d)z Ml - (1)zmi, 

that is, (g 2 d)z Ml = (1)2m x for 52 £ M 2 G. 
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Now let us conversely suppose given an analysed 2-cochain z G Ch an (G, M) that fulfills the properties (i) 
to (v) . Then we compute 

(g 2 , h, h 1: g 1: k , h , g )(zd) 

= ((g 2 d)ki, (hid)k , (gid)h )z - (fahi, k , h a g )z + (hi k ° s °gi, k h a , g a )z - fc B MG • {gi,h ,g )z 
= ((g 2 d)ki)z Ml - {k\d,{h\d)ko)zM + {(hid)k , (gid)h )z Mo - (kihi)z Ml + ((kihi)d,k )z Mo 

- (k , h g )z Mo + [hi koSo gi)z Ml - ((hi k ° s °gi)d, k h )z Mo + (k h ,g )z Mo 

- fc B MG • (gi)z Ml + k B MG ■ (gid, h )z Mo - fc B MG • (h ,g )z Mo 

= ((g 2 d)k 1 )z Ml - (kihi)z Ml + (hi koS °gi)z Ml - fc B MG • (gi)z Ml - (kid, (hid)k Q )z Mo 
+ ((hid)k , (gid)h )z Mo + ((kid)(hid),k )z Mo - ((hid) k °(gid), k h )z Mo 
+ A; B MG • (gid,h )z Mo - (k , h g )z Mo + (koh ,go)z Mo - k B MG ■ (h ,g )zM 

= (92d)z Ml + (h)z Ml - (1, kid)z Mo - (kihi)z Ml + (hi)z Ml + ( fe ° So .9i)2 Ml - (hid, ( koSo gi)d)z Mo 

- ( koSo gi)zM 1 + (( koSo gi)d, k )z Mo - (k ,gid)z Mo - (hd, (hid)k )z Mo + ((hid)ko, (gid)h )z Mo 
+ ((kid)(hid),k )z Mo - ((hid) k ° (gid), k h )z Mo + fc B MG • (gid,h )z Mo - (ko,h )z Mo 

= (ki)z Ml - (k\hi)z Ml + (hi)z Ml - (hid, ko (gidj)z Mo + ( k °(gid),k )z Mo - (k ,gid)z Mo 

- (kid,(hid)k )z Mo + ((hid)k , (gid)h )z Mo + ((kid)(h 1 d),k )z Mo - ((hid) k °(gid),koho)z Mo 
+ fc B MG • (gid, h )z Mo - (ko, h )z Mo 

= (kid, hid)z Mo - (hd, (hid)k )z Mo + ((kid)(h\d), k )z Mo - (hid, k °(gid))z Mo 

- ((hid) ko (gid),k h )z Mo + ( k ° (gid),k )z Mo - (k ,h )z Mo - (k ,gid)z Mo 
+ fc B MG • (gid, h )z Mo + ((hid)k , (gid)h )z Mo 

= (hid,k )z Mo - ( ka (gid),koh )z Mo - (hid, ko (gid)k ho)z Mo + ( k ° (gid), k h )zM 

- ( ko (9id)h), h )z Ma - (k , (gid)h )z Mo + (ko(gid),h )z Mo + ((hid)k , (gid)ho)z Mo 
= (hid,k )z M „ + ((hid)k , (gid)h )z Mo - (hid, k (g 1 d)h )z Mo - (ko, (gid)h )z Mo = 

for all g , h , k G M G, gi,h x ,ki G M X G, g 2 € M 2 G, that is, z G Z 2 n (G, M). 

(b) This follows from (a) by definition of the 2-cocycles of V via Coski V and the fact that M Coski V = Gp V, 
Mi Coski V = Mp V and M 2 Coski V = {1} (up to simplified notation). □ 

With the preceeding proposition we can now establish a description of the second analysed cocycle group of a 
simplicial group resp. of a crossed module as a pullback. This can be seen as a continuation of proposition (3.4). 

(3.12) Corollary. 

(a) Given a simplicial group G and an abelian 7t (G)-module M, the diagram 

— M l Izg „(G,M) , 

Zl n (G,M) > Ch^MiCM) 



,Z 2 (M G,M) 
A l Z | n (G,M) 



( a Ch(MG,M) ai oh l (a MG iM) ) 



illC ( Ch 2 (a MG ,M) an Map(l.M)) 

Z 2 (M G,M) — - - — - — Ch 2 (MiG,M) x Ch^MiG x M G, M) x Ch 1 (M 2 G,M) 

is a pullback of abelian groups, where (gi, go)(cicei) ■= ( 9aS "gi)ci — goB MG ■ (gi)ci and (gi, go)(co&o) '■= 
( 9o (gid),go)c - (go,gid)c for g x G MiG, g G M G, a G Ch^MiG, M), c G Ch 2 (M G, M), and where 
M is considered as a trivial Mi G- module. 

(b) Given a crossed module V and an abelian 7t (l / )-module M, the diagram 

7?(V,M) ; Ch^MpV.M) 

-=plz2(v,M V )' M) (aCMMpV.M, ai) 

Z 2 (Gp V, M) mc(Ch2Ul ' M) ° o) ; Ch 2 (Mp V, M) x Ch^Mp V x Gp V, M) 
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is a pullback of abelian groups, where (m, g)(c\Gt\) :— ( 9 m)ci — g(Im|a) • (m)ci and (m, g)(coCto) := 
( 9 m,g)c - (g,m)c for to £ MpV", 5 £ GpF, Ci £ Ch^MpV^M), c £ Ch 2 (GpV,M), and where M is 
considered as a trivial Mp V-module. In particular, we have an isomorphism 

Z 2 (V,M) -> {(ci,z ) £ Ch^MpV.M) x Z 2 (GpV,M) \ (nm)a = nc Y +mc x - (n,m)z and 

( 9 to)ci = g(lm\L) ■ (to)ci + ( 9 m,g)z — (g,m)z for all to, n £ MpF, g £ Gp V}, 
z i-> (zm, , zm„)- 

Proof. 

(a) We note that ao and a\ are group homomorphisms. By proposition (3.11)(a)(ii) to (v), the diagram is 
well-defined and commutes. To show that it is a pullback, we suppose given an arbitrary abelian group 
T and group homomorphisms ip : T -> Z 2 (M G,M) and ip x : T -> Ch^MiG.M) with ^cmmcm) = 
^ incCh 2 (a MG , M), ^ai = </? inca and </?iCh 1 (9 MG , A'/) = p incMap(l, M). For every t £ T, we define 
a 2-cochain i</? £ Ch 2 n (G,M) by (51, h , g )(t<p) := (c/i)(i<£i) - {gid, h )(t(p ) + {h , go)(t<p ) for g x £ MiG, 
go, ho £ M G. Since 

($i)(tp) Ml = (51, 1, l)(tp) - (,9i)(^i) - (sifl, l)(^ ) + (1, l)(^o) = (si)(^i) 
for all gi £ MiG and 

(/i ,.9o)(Mm = (l,/io,5o)(M = (l)(*<Pi) - (IjM^o) + ( h o,go)(tfo) = (h , go)(t<Po) 

for all po, ^0 £ M G, it follows that (^)mi = tipi and (^)m c = t<Po an d hence i</? £ Z 2 n (G, M) for all i £ T 
by proposition (3.11)(a). Thus we obtain a well-defined group homomorphism (p: T — > Z 2 n (G, M) with 
(ty)Mi = ttpi and (^)m = tip for all t ET. The uniqueness of such a map follows from (3.11)(a)(i). □ 

Now we are able to show that the second cohomology group of a simplicial group only depends on its 1-segment. 

(3.13) Proposition. Given a simplicial group G and an abelian 7t (G)-module M, the unit component t G : G — > 
Coski Trunc 1 G of the adjunction Trunc 1 H Coski induces an isomorphism 

Z 2 n (e G , M) : Z 2 (Trunc 1 G, M) -»• Z 2 n (G, M), 

which in turn induces isomorphisms B 2 (e G , M) and H 2 (ec, M). In particular, we have 

H 2 (G, M) ~ H 2 (Trunc 1 G, M). 

Proof. For n £ No, we denote by <p n the isomorphisms from G„ to its semidirect product decomposition, cf. 
section 2.9. Then we have (go)^ 1 (zg)o = {go) and (gx,^)^ 1 (z G )i = (gin, ho) for g 1 £ MiG, g , h £ M G, 
where we let n: MiG — > M1G/B1MG = Mp Trunc 1 G denote the canonical epimorphism, cf. section 2.7. 
Therefore the group homomorphism Z 2 n (e G ,M) is given by (51, h , g )(z'Zl n (e G , M)) = (g 1 n,ho,go)z l for 
gi £ MiG, go, h £ M G, z' £ Z 2 (Trunc 1 G, M). Thus we have z'Z 2 n (e G , M) = if and only if already z' = 0, 
that is, Z 2 n (£G,M) is injective. 

To show surjectivity, we suppose given an analysed 2-cochain z £ Z 2 n (G, M). We choose a section of the 
underlying pointed map of n, that is, a pointed map s: Mp Trunc 1 G — > MiG with ,S7T = id MpXrunc i G . Then 
(ns)(ms)((nm)s)~ 1 £ Kcr7t = BiMG and therefore 

((ns)(ms))z Ml = ((ns)(ms)((nm)sy 1 ((nm)s))z Ml = ((nm)s)z Ml 

for all to, n £ MpTrunc 1 G. Moreover, (( s m)s)( 9S ° (tos)) -1 £ Ker7t = BiMG implies 

(( 9 m) S )z Ml = ((( 9 m) S )( 9S »(m S ))- l9S, '(TO S ))zM 1 = ( 9S °(ms))z Ml 

for all to £ Mp Trunc 1 G, g £ Gp Trunc 1 G. Defining c[: Mp Trunc 1 G ->■ M by (m)c[ := (ms)z Ml for 
to £ Mp Trunc 1 G, we obtain 

(ran)c'i = ((nm)s)^Mi = ((^s)(tos))z Mi = (ns)z Ml + (ms)z Ml — {nsd,msd) — (n)c'i + (m)c'i - (n,m)zM 
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for all m,n E Mp Trunc 1 G as well as 

( s m)c' 1 = (( 9 m)s)z Ml = ( 9So (ms))z Ml = sB MG • {ms)z Ml + ( 9 (ms<9), g)z Mo - {g,msd)z Mo 
= ff(Imn) • (m)ci + ( ff m,g)z Mo - (g,™)z Mo 

for all to e Mp Trunc 1 G, 5 e Gp Trunc 1 G. Thus we get a well-defined 2-cocycle z' E Z 2 (Trunc 1 G, M) with 
(to)z^ p = (tos)zmi for to G Mp Trunc 1 G and Zq p = zm by corollary (3.12)(b). Further, gi(gins)^ 1 E Kcr7t = 
BiMG implies 

= {gi{gins)~ 1 )z Ml - (l)^Mi = (5i)^M! + ((^i 7 ") -1 )^! - (ffi<9, (5i7rs) _1 9)z Mo - (l)^ 
= (si^Mj + ((.gi7ts) _1 )z Ml - (ginsd, {gins)~ 1 d)z Mo - ((gins){g 1 nsy 1 )z Ml = (51)^ - (.9i7ts)z Ml 

for all <?i e MiG. But now it follows that z'Z 2 n (e G ,M) = z since 

(51^0, 5o)(^Zan(£ G ,M)) = (g 1 n,h ,go)z' = {gin)z' Mp - (g 1 n 1 h )z' Gp + (h a ,g )z' Gp 

= (g 1 ns)z Ml - (gid,h )z Ma + {h ,g )z Mo 
= (.9i) 2 M! - {gid,h Q )z Ma + (h ,g )z Mo = (gi,h ,g )z 

for all gi E M\G, go, ho E M G. Thus Z 2 n (ec,M) is surjective. Altogether, Z 2 n (eG,M) is bijective and hence 
an isomorphism of abelian groups. 

The injectivity of Z 2 n (£G,M) implies the injectivity of the restriction B 2 n (£c,M). To show that this is also 
an isomorphism, it remains to show that for a given analysed 2-coboundary b E B 2 n (G, M), the 2-cocycle 
b' E Z 2 (Trunc 1 G,M) given by {m)b' Mp = (tos)&Mi for to E Mp Trunc 1 G and b' Gp = &m is m fact a 2-coboundary 
in B 2 (Trunc 1 G,M). 

We choose c G Ch 1 n (G, M) = Ch^Trunc 1 G, M) with b = cd ch ^ G ' M \ that is, with (g u h , go)b = {{gid)h )c- 
(h g )c + h B MG ■ (g Q )c for g 1 E M X G, g , h E M G. It follows that 

(m)b' Mp = (ms)b Ml = (msd)c = (m)c - (m)(cd ch ^ mcl G ' M >) Mp 
for all to E Mp Trunc 1 G, that is, b' Mp = (cdCMTrunc 1 Gf,M)) Mp) ag well ag 

fo ' Gp = (c9 ch ^ G > M )) Mo = (cd ch ^ G ^) Gp . 
Hence we have b' = c^Ch (Trunc 1 G,m) g B 2( Trunc i Gj M )_ 

We have shown that Z 2 n (£c,M) and B 2 n (ec,M) are isomorphisms, and hence H 2 n (ec,M) is also an isomor- 
phism. In particular, we have 

H 2 (G, M) = H 2 n (G, M) = H 2 (Trunc 1 G, M). □ 

4 Crossed module extensions and standard 2-cocycles 

Throughout this section, we suppose given a group n and abelian n -modules 111 and M, where TIi is written 
multiplicatively. Moreover, we suppose given a crossed module extension E of n with ITi and a section system 
(s^s ) for E. The lifting system coming from (s^s ) will be denoted by (Z 2 ,^ 1 ), that is, Z 1 = s° and 
Z 2 = zV. Cf. section 2.16. 

(4.1) Notation. In this section, we use the following conventions and notations: For p,q,r E Ho, we write 
[p] := pZ 1 , [q,p] := (q,p)Z 2 and [r, := (r,q 7 p)z 3 . For g E Im u., we write [g] := gs 1 . So for to G Mpi?, we 
usually write [to] = [m\i\ = myis 1 , following our convention from section 2.6. Finally, for g E GpE, we write 
9-=gn. _ 

Wih these conventions, we have [p] = p. [q,p] = [[<?] [p] [qp]^ 1 } and [r,q,p]i = [r, q][rq,p][r, qp]~ x ' r '([9>P] _1 ) f° r 
p, q, r E n and [to] [i = m[i for to E Mp E. 

We have seen in section 2.15, how the computation of cohomology groups in positive dimension can be reduced 
to that of pointed cohomology groups. In this section, we will see a further reduction in the case where we 
consider the second cohomology group of the underlying crossed module of a crossed module extension. 
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(4.2) Definition (standardisation of pointed 2-cocycles). 

(a) Given a pointed 2-cocycle z G Zp t (E, M), the standardisation of z (with respect to (s 1 , s )) is given by 

where the standardiser of z (with respect to (s 1 , s )) is defined to be the pointed 1-cochain s z = si s ' s ^ <E 
Ch pt (£,M) given by 

( 5 )s z := W]- 1 ],^],!^ 
for 5 G Gp E. 

(b) A pointed 2-cocycle z G Z 2 t (E, M) is said to be standard (with respect to (s 1 , s )) (or a standard 2-cocycle, 
for short) if z st = z. The subgroup of Z 2 t (E, M) consisting of all standard 2-cocycles of E with coefficients 
in M will be denoted by 

Z 2 t (E,M) = Z 2 stAsKs0) (E,M) := {z G Z^.M) | z st = z}. 

Likewise, the subgroup of B 2 t (E,M) consisting of all standard 2-coboundaries of E with coefficients in 
M will be denoted by 

B 2 t (E,M) = B 2 st>{sl>s o } (E,M) := {b G 1^(25, M) | 6 st = b}. 

Moreover, we set 

U 2 t (E, M) = B 2 t . {sl ^(E, M) := Z 2 st (E, M)/B 2 t (E, M). 

(4.3) Remark. We have 

(sK = ([5[5] _1 ])^m p -(#[<?] ~\ [5])zg p 
IbrjeGpB^gZ^Af). 

Proof. This follows from proposition (3.11) (b)(i). □ 
In the next proposition, we give more detailed formulas for the standardisation. 

(4.4) Proposition. 

(a) For every pointed 2-cocycle z G Z 2 t (E, M), we have 

(m)4 P = (to[to] -1 )zm p 
for to G Mp E, and 

(h,g)z% p = ([hlh]- 1 }- 1 ^(jl-'l-'lNN" 1 ])^ - ([h,9i [hg]>G P + (H [9})zg p 
for g, heGpE. 

(b) For every pointed 2-coboundary b G Bp t (_E, M), we have 

H< P = o 

for to 6 MpE 1 , and, given c G Ch pt (i?, M) with & = c<9, we have 

(M)&g p = (M)(co0) 

for g,h G Gpi?, where c G Ch 1 (n , A'/) is given by (p)c := ([p])c. 
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Proof. 

(a) We suppose given a pointed 2-cocycle z G Z^ t (E,M). By proposition (3.11)(b), we have 

(m)4 P = {m)z Mp - {m)(s z d) Mp = (m)z Mp - (m)s z 

= (m)z Mp - {[m})z M p = (m)zMp + (M _1 )zMp - (m,m _1 )z Gp = (m[m] _1 )z Mp 

for m e Mp E, and 

(^fiO^Gp = ( h ,9) z Gp - (h,g)(s z d) Gp = (h,g)z Gp - (h)s z + (hg)s z -ft- (g)s z 

= (h,g)z Gp - {[hm-^zup + (h\h]-\ [h])z Gp + ([hg^-^zup - (hg[hg}-\ [hg])z Gp 

-h - ([gigr^zMp + h- (gigr 1 , [g])z Gp 
= (h,g)z Gp + ([hlh]- 1 }- 1 ^ - (h[h]-\ ^h-^zop + (h[h}-\ [h])z Gp + ([hgM-^ZMp 

- (hg[hg]-\ ^g])z Gp + h-{[g[g]- 1 ]- 1 )z Mp -h-{g[g]-\ [sliT^Gp + ft ■ (g[g]-\ [g])z Gp 
= (h,g)z Gp + ({hih}- 1 }- 1 )^ - (h[h}-\ fflh-^ZGp + (h[h}-\ [h])z Gp + {{hg\hg]- 1 ])z M p 

- (hg[hg]-\ \hg])z Gp + CM" 1 ]- 1 ))^ - ("fl^" 1 ), h)z Gp + (ft, [g^z^ 

-h - (gig]' 1 , [g}g~ v )z G p + h- (givr 1 , [g])z Gp 
= (Mhr^zMp + ^([ff^]- 1 ]- 1 ))^ + (NN-'D^Mp + (h,g)z Gp - (h[h}-\ MO^gp 
+ (h[h}-\ [h])z Gp - (hg[hy~]-\ [hy~])z Gp - ^(Mg- 1 ), h)z Gp + (ft, [^"^Cp 

-h- (gig]' 1 , [g}g~ 1 )z Gp + ft • (gWT 1 , [g])z Gp 

= ([/^r 1 ]- 1 )^ + (Hlgiy}- 1 ]- 1 )^^)- 1 })^ + (h\g]g- 1 h- 1 ,hg\hy'}- 1 )z Gp + (h,g)z Gp 

- (h[h}-\ \h]h- l )z Gp + (h[h}-\ [h])z Gp - {hg\hg]-\ [hg-])z Gp - C^" 1 ), h)z Gp 
+ [K [g]g^)z Gp -ft ■ (g\g]~ x , [g]g^)z Gp + h ■ (g[g]-\ [g])z Gp 

= ([h\h]- 1 ]- 1 \[g[g]-X 1 )[hg\hg]- 1 ^ 

+ (h,g)z Gp - (ftfft]" 1 , [h^-^zcp + {h[h]-\ [h])z Gp - (hg[hg~]-\ M)z Gp - (hfflg- 1 ^ 1 ,h)z Gp 

+ (h, [5].9 _1 )^G P -h - (gig}' 1 , Mg^^zcp + ft • (gig]' 1 , [g})z Gp 
= (m-T lh ([g[9}- 1 r 1 )[hg[h'g}- 1 })zMp + ([h)[g], N] -1 )*g p - (h[g], N]" 1 )^ 

+ ([ft]ft _1 ,h[g])z Gp + (ft [3], [hg]~ 1 )z Gp - (hg, [hg\- r )z Gp + (ft^g^ft -1 , hg)z Gp + (h,g)z Gp 
+ ( h 9, [hg]~ 1 )z Gp - (ft, h^ r )z Gp + ([ft], /i _1 )zg p - hg ■ ([hg}- 1 , [hg])z Gp - (ft [3], 3 _1 )£ Gp 
+ (h[g],g- 1 h- 1 )z Gp - hg ■ (g~ 1 h~ 1 ,h)z Gp + (h[g], g^)z Gp - ft - ([g],g~ 1 )z Gp + (ft, [g])z Gp 
-h - (g,g^)z Gp + ft • ([3],fi'" 1 )^Gp 

= ([ftift]- 1 ]- 1 ^^^]- 1 ]- 1 )!^^]" 1 ])^ + mm, m-^zgp + mh-\h[g)) ZGp 

+ (h[g}g~ 1 h~ 1 ,hg)z Gp + (h,g)z Gp - (ft, ft _1 )z Gp + ([ft], ft -1 )^ - hg ■ ([hg]- 1 , [hg])z Gp 
+ (h[g],g' 1 h' 1 )z Gp - hg ■ (g~ 1 h~ 1 ,h)z Gp + (ft, [g])z Gp - ft - (g^g'^z^ 

= (Hh]- 1 ]- 1 "(bir'l-'jNN" 1 ])^ + «], [M _1 )^G P + ([ft], [g])z G p ~ (ft, [g])z Gp 

+ ([ft]ft _1 ,ft)z Gp - (ft[3],g _1 ft _1 )z Gp + hg ■ (g^h^ 1 , hg)z Gp + (h,g)z Gp - (ft, ft _1 )z Gp 

+ (\h]:h~ r )z Gp - hg ■ ([hg}- 1 , [ft#])z Gp + (ft [3], 3 _1 ft _1 )z Gp - hg ■ (g^h^ 1 ,h)z Gp + (ft, [g})z Gp 

-h - (3,3 _1 )2; G p 

= ([ftlft]- 1 ]- 1 ^^^" 1 ]" 1 )^^]- 1 ])^ + ([h][g], M-^zgp + ([ft], [3])^G P + ([ft]ft-\ft> Gp 

+ hg ■ (g~ 1 h~ 1 ,hg)z Gp + (h,g)z Gp - (h,h~ 1 )z Gp + ([ft],ft _1 )z Gp - hg ■ ([hg]- 1 , [hg])z Gp 

- hg ■ (g- 1 h~ 1 ,h)z Gp - ft - (3,3 _1 )z Gp 

= ([ft^r^iscr'r'MM^r 1 ])^, + mm, n]- 1 )^ + m, m*** - m^- 1 ^ 

+ ft ■ (ft -1 , ft)z Gp + hg ■ (g~ 1 ,g)z Gp ~ (h,g)z Gp + hg ■ (g~ x ft" 1 , ft)z Gp + (h,g)z Gp - (ft, ft _1 )z Gp 
+ (\h],h~ x )z Gp - hg ■ ([hg}- 1 , [hg])z Gp - hg ■ (g^h^ 1 ,h)z Gp -ft- (3,3 _1 )2; Gp 
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= (Mh]- 1 ]- 1 h {m~ 1 ]~ 1 )[hg[hg]- 1 ])zM P + ([h][g], [hgj-^zcp + ([h], [g])z Gp + h ■ (h~\ h)z Gp 
+ hg ■ (g~ 1 ,g)z Gp - (h,h~ l )z Gp - hg ■ ([/iff] -1 , [hg])z Gp -h- (g,g~ 1 )z Gp 

= ([/iW-^-^dfflff]- 1 ]- 1 )!^^]- 1 ])^ + ([h][g], N] _1 )^Gp + ([h], [g])z Gp + {h,h~ l )z Gp 

+ h- (g,g^)z Gp - {h, h~ x )z Gp - hg ■ ([hg}- 1 , [hg])z Gp - h ■ (ff,ff _1 )zG P 
= ([/iW-^-^dfflff]- 1 ]- 1 )!^^]" 1 ])^ + ([h][g], M- 1 )z Gp -hg'-([hg'}- 1 , [h~g])z Gp + ([h], [g])z Gp 

= mhr 1 r lh ([g[gr 1 r 1 )[h 9 [hg'r 1 })zM P - »][%r\ » GP + m, ®)z GP 

= ([hih]- 1 ]- 1 Mfflff]- 1 ]- 1 )^^- 1 ])^ - (\h,g\, M)z Gp + ([h], [g])z Gp 
for g, h G Gp E. 
(b) By (a), we have 

(77j)6m p = (mM^^Mp = (™H _1 )(c5) M p = (mm _1 )c = 
for m G Mp E and 

(M)6g p - ([hWrT 1 ^[fflff]- 1 ]- 1 )!^^]- 1 ])^ - ([h,g], [hg])b Gp + (H [g})b Gp 

= (m^r^tbir'r^^N^D^Mp - m, [/;ffD(cd) Gp + (@, ®)(cd) Gp 

= ((/,[7I]- 1 )- 1 ' l ((. 9 [g]- 1 )- 1 )(%[7^]- 1 )) C - ([£,ff])c + ([£,ffPff])c- ([hg])c+([h])c-([h][g])c 
+ h-([g])c 

= -(\hg])c + ([h])c + h • ([ff])c = (^)co - (^ff)co + h ■ (g)c = (h,g)(c d) 
for ff, /i G Gpi?. □ 
(4.5) Corollary. 

(a) Given a pointed 2-cocycle z G Z pt (E, M), we have 

([m])4 P = (ff[ff]- 1 , ®)4 P = 
for m G Mp E, g G Gp £\ 

(b) We have 

Z s 2 t (£,M) = Z 2 pt (E,M) | (H)?M P - (fflff]" 1 , [ff])z Gp = for all m G Mp E, g G GpE}. 
In particular, the standardisation z st of every z G Z 2 (E,M) is standard. 

(c) The embedding Z 2 t (E, M) -> T? pt (E, M) and the standardisation homomorphism Z 2 t (.E, M) Z 2 t (£, M), 
z i ^ z st induce mutually inverse isomorphisms between R^ t (E,M) and H 2 t (E, M). In particular, 

U 2 (E,M) = K 2 st (E,M). 

Proof. 

(a) We suppose given a pointed 2-cocycle z G Z pt (E,M). Proposition (4.4)(a) implies 

(H)4i P = (HM _1 )^Mp = o 

for m G Mp E and 

(fflffT 1 , [ff])^ P = ([gM-T'bM-^ZMv - ([i,ff], [ff])^G P + (i, [ff])*G P = o 

for g eGpE. 
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(b) Given a standard 2-cocycle z G Z 2 t (E, M), we have ([to])zm p = ([m])z|,i = for all m G MpE and 
[glV]' 1 , [d])zGp = (^"MsD^Gp = for a11 9 e G P E b y ( a )- Conversely, given a pointed 2-cocycle 
z G Z 2 t (E, M) with ([m\)z Mp = (g^]' 1 , [g])zG P = for all m G Mp_E, g G GpE, it follows that 

(g)sz = ([givr^zMp - (gig}' 1 , [g])z G p = 

for all g G Gp-E, that is, s z = 0. Hence z st — z — s z d — z, that is, z is standard. Altogether, we have 

Z 2 t (E,M) = {ze Z 2 pt (E,M) | ([m])z Mp = (g\g]-\ [g])z Gp = for all m G Mp E. g G Gp£} 
and a further application of (a) shows that z st e Z 2 t (.E, M) for all z G Z 2 (£, M). 

(c) By definition of the standardisation, we have z — z st + s z d for every pointed 2-cocycle z G Z pt (E, M) and 
since the standardisation z st is standard by (b), it follows that 

H 2 t (£, M) = Z 2 pt (E, M)/B 2 pt (E, M) = (Z 2 st (E, M) + B 2 pt (E, M))/B pt (E, M). 

Moreover, 

R 2 st (E, M) = Z 2 st (E, M)/B 2 t (E, M) = Z 2 st (E, M)/(Z 2 t (E, M) n B 2 pt (E, M)), 

and thus Noether's first law of isomorphism provides the asserted isomorphisms 

R 2 st (E, M) -> H 2 t (£, M),z + B 2 st (E, M) ^ z + B 2 pt (E, M) and 
H 2 t (£, M) -> H 2 t (£, M), z + B 2 t (£, M) h+ z st + B 2 t (£, M). 

In particular, we have 

H 2 (£, M) - H 2 t (i?, M) - H 2 t (£, M), 

cf. section 2.15. □ 

Similarly to proposition (3.11), we will give in proposition (4.7) a characterisation of standard 2-cocycles and 
2-coboundaries. For convenience, we introduce the following abbreviation first. 

(4.6) Notation. For g, ft G Gp£, we abbreviate (h,g)n := [ftfft] -1 ] -1 h ([g[g]~ 1 ]~ 1 )[hg[hg]- 1 ][h,g]- 1 G Kcr u. 

(4.7) Proposition. 

(a) A pointed 2-cochain z G Ch 2 t (E, M) is a standard 2-cocycle if and only if the following conditions hold: 

(i) We have (m, ft, g)z — (m)zM P ~ (m, h)z Gp + (ft, g)z Gp for m G Mp V. g,h G Gp 

(ii) We have (m)zMp = (™[™]~ 1 )^Mp for to G Mp_E. 

(iii) We have (h,g)z Gp = ((h,g)n)z Mp + ([ft], [tfD^Gp for g, h G Gp£. 

(iv) We have iz Mp £ Hom no (rii,M). 

(v) We have ([r, q,p]i)z M p = (r,q,p)(((s° x s°)2: G p)<9) for p,q,r G n . 

(b) A pointed 2-cochain G Ch 2 t (_E, M) is a standard 2-coboundary if and only if the following conditions 
hold: 

(i) We have &m p = 0. 

(ii) There exists a pointed 1-cochain c G Ch pt (n , M) such that (ft, g)b Gp = (h, g)(cod) for g, h G Gp E. 

Proof. 

(a) First, we suppose given a standard 2-cocycle z G Z 2 t (E, M). We verify the asserted formulas: 
(i) Since z is in particular a 2-cocycle, this property holds by proposition (3.11)(b)(i). 
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(ii) By corollary (4.5) (b), we have 

{m)z Mp = {m[m]~ 1 [m])z Mp = (m[m] _1 )z Mp + ([m})z M p - (l,m)z Gp = (m[m] _1 )z Mp 
for m G Mp E. 

(iii) By proposition (4.4)(a), proposition (3. 1 1) (b) (iii) , corollary (4.5)(b) and (ii), we have 

{h,g)z Gp = {h,g)z s G t p 

= (Mh}- 1 }- 1 h {[g[g]- 1 ]- 1 )[hg\hg]- 1 ])zMp - (IM, $g])z Gp + {[h], [g])z Gp 

= (([/iW- 1 ]- 1 ^^^- 1 ]- 1 )^^]- 1 ]^^- 1 )^^)^ - mmm- 1 , » GP + m, 

= ([hih]- 1 }- 1 \[9[9}- 1 }- 1 )[h9M- 1 ]%9]- 1 )zM P + {[h], ®)zg p 
= ((h,g)K)z M p + {[h], [g])z Gp 

for g, h e Gp E. 

(iv) We have izm p 6 Homn (IIi,M) by proposition (3.11)(b) (iii) and (iv). 

(v) Using proposition (3.11) (b) and corollary (4.5) (b), we compute 

([r,q,p}i)z Mp = ([r,q}[rq,p}[r,qp}- 1 ( [r] [q,p]y 1 )z Mp = {[r,q][rq,p])z M p - { lr] [q,p}[r,qp])z M p 
= {[r,q\)z M p + ([rq,p])z Mp - ([r,q], [rq,p])z Gp - ( [r] [q,p])z M p - {[r,qp])z Mp 

+ ( M [q,p], [r,qp])z Gp 

= -(ML [rq,p])z Gp - r ■ {[q,p})z M p - { [r] [q,p}, [r])z Gp + ([r], [q,p])z Gp + { [r] [q,p], [r,qp})z Gp 
= -(M?L [rq}\p}[rqp}~ 1 )z Gp - (Mfa,P]M _1 , [r])z Gp + ([r], [q,p])z Gp 

+ ( M k , p] M ~ 1 . M [qp] [rqp] ~ 1 )zg p 

= -{[r,q][rq], [p][rqp]~ 1 )z Gp + ([rq], [p][rqp]~ 1 )z Gp - ([r,q], [rq])z Gp + ([r], [q,p}[r}- 1 )z Gp 

- r ■ ([9,p][r] _1 , [r})z Gp + ([r], [q,p][qp][rqp]~ 1 )z Gp - ([r], [q,p}[r}- 1 )z Gp 
+ r- {[q^p]^]- 1 ,[r\[qp\[rqp]- 1 )z Gp 

= -(MM, [p][rqpT 1 )z Gp + {[rq], [p][rqp]~ 1 )z Gp - (MMN] -1 , [rq])z Gp - r • ([g,p]M _1 > [r])z Gp 

+ (Mi Mfa]N?>] _1 )zGp + r ■ ([9,P]M _1 , M[ff]N _1 )z G p 
= (M, M) Z G P - r • ([g], [p][rgp] _1 )z G p + (NH, Np] _1 )^g p - rq ■ {[p], [rqp]- 1 )z Gp + {[rq], [p])z Gp 

+ r ■ {[q,p], [qp}[rqp}~ 1 )z Gp - {[r], [qp][rqp]^ 1 )z Gp 
= (M, [q]) z G p - r ■ {[q][p], [rqp]- X )z Gp - r ■ {[q], [p])z Gp + {[rq][p], [rqp]- X )z Gp + {[rq], [p])z Gp 

+ r ■ {[q,p][qp], [rgp]" 1 )^ - r • {[qp], [rgrp] _1 )z Gp + r ■ {[q,p], [qp])z Gp - {[r][qp], [rqp]~ 1 )z Gp 

+ r ■ {[qp], [rqp}- 1 )z Gp - {[r], [qp])z Gp 
= (M, [q1) z G p - r ■ {[q], [p])z Gp + {[rq,p][rqp], [rqp]^ 1 )z Gp + {[rq], [p])z Gp 

- {[r,qp][rqp], [rqp]~ 1 )z Gp - {[r], [qp])z Gp 

= (M, [q1) z g p - r ■ {[q], [p])z Gp + {[rq,p], l)z Gp - {[rq,p], [rqp])z Gp + {[rqp], [rqp]- 1 )z Gp 

+ {[rq], [p])zgp - {[r,qp],l)z Gp + {[r,qp], [rqp])z Gp - {[rqp], [rqp]~ 1 )z Gp - {[r], [qp])z Gp 
= (M, W\) z Gp - (M, [QP])zGp + {[rq], [p])z Gv - r ■ {[q], [p])z Gp 

= {r,q){{s° X S °)z Gp ) - {r,qp){{s° X S °)z Gp ) + {rq,p){{s° X S °)z Gp ) - r ■ {q,p){{s° X S °)z Gp ) 
= {r,q,p){{{s° xs°)z Gp )d) 

for p,q,r e U a . 

Conversely, we suppose given a pointed 2-cochain z e Ch pt (E, M) that fulfills conditions (i) to (v). To 
show that z is a 2-cocycle, we use the characterisation given in proposition (3.11)(b). First of all, we show 
that z Gp e Z 2 (Gp E,M). Indeed, we have 

{k,h)K{kh,g)K{{k,hg)K)-\W{{h,g) K ))- 1 [k,h,g}i 
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= ((k,h)K[k,h]){{kh,g)K[kh,g})((k,hg)n[k,hg])- 1 ( [fc] (( ft .0)«(/i>ff])) _1 

= ( ra ([/iR- 1 ]- 1 )[fc[^- 1 ]-M^[^" 1 ])(^([ff&]" 1 ] _1 )[^[^l" 1 ]"M^W" 1 ]) 
(MaM^]- 1 ]- 1 )^]- 1 ]"^^^ 

= ^([hih]- 1 ]- 1 ) m-T'mm-^m^-^-i) ra^-i] rara^]- 1 ] 

= ra^r 1 ]- 1 ) rafc wr 1 ]" 1 ) ^Isir 1 ] 

= ^([/iN- 1 ]- 1 ^^^- 1 ]- 1 )^^- 1 ] ^blfl]" 1 ]) - ra^ -11 " 1 " W 1 ]" 1 ) ra [<?[5]- 1 ]) 

and hence 

(k,h,g)(z Gp d) = {k,h)z Gp - (k,hg)z Gp + (kh,g)z Gp -k- (h,g)z Gp 

= ((k, h)n)z Mp + ([fc], [ftj)z Gp - ((&, hg)n)z Mp - ([k], [hg])z Gp + ((kh,g)n)z Mp + ([kh], [g])z Gp 

-k - ((h,g)K)z Mp - k- (\h],[g])z Gp 
= ((fc»«(fc^ 5 )«((fc,M«:)- i ra(((/ l ,. 9 )«:)- 1 ))zMp + (fc,^5)(((5 x s°)z Gp )d) 
= ((k,h) K (kh,g) K ((k,hg) K )- 1 (W((h,g) K ))- 1 [k,h,g]i)z Mp = 

for g,h,k E GpE, that is, zq p G Zp t (Gpi?, M). Moreover, we have 
(nm)z Mp - {n)z Mp - (m)z Mp + (n,m)z Gp 

= (imilnmp'jzMp - (n[n] _1 )z M p - (m[m]~ 1 )z Mp + {{n,m)n)z Mp 
= ((nTO[nm] _1 )(n[n] _1 ) _1 (m[m] _1 ) _1 (n, m)K,)zMp 
= ((n[n] _1 ) _1 n(ra[ra] _1 ) _1 m(n, m)K[nm]~ 1 )zMp 
= ([nJn^nfmjTO^TOfn] -1 ™([m] _1 )[nra][nm] _1 ),2Mp 
= {[n][m][n]- ln {[m]- 1 ))z Mp = ( W [m] "([m]" 1 ))^ = 

for m, n G Mp £7 and 

( 9 m)z Mp - 5 ' {m)zMp - ( 9 m,g)z Gp + {g, m)z Gp 

= ( 9 m[ 9 m] _1 )z Mp - 5- (m[m] _1 )2Mp - {( 9 m, g)n)z M p + {{g,m)K)z Mp 
= (( 9 m [ 9 m}- 1 ) 9 ((m[ m }- 1 )- 1 Wrn 7 g)K)- 1 (g 7 rn)K)zM P 
= (( 9 H 9 (m- 1 ))H 9 n 1 r 1 )(( 9 m,?K)- 1 (s,m)^M P 
= ( 9 [m](g 1 m)K(( 9 m 1 g)Ky 1 [ 9 m\~ 1 )zM P 
= ( 9 [m](\gM- 1 ]- 1 °([m]- 1 )\gmM-W 

= ( s Nb[9]- 1 ]- ls (M- 1 )[5m[5]- 1 ][ 9 m 5 [g]- 1 ]- l9 ™[ 5 [5]- 1 ]Pm]M- 1 )^ M p 

= ('M^]- 1 ]- 1 ^!™]- 1 ) 9 -^^- 1 ])^ = ( e[ml ([ff^]- 1 ]- 1 )' m [ffM- 1 ]W P = o 

for meMpE and g G Gp£. Altogether, z G Z^j^, M). Finally, we have 

(H) z m p = (HM _1 ) z m p = o 

for m G Mp E and 

(sts] -1 , [s])*g p - ({gig}- 1 , lg})K>M P + (i, @)z Gp = ([ffts]" 1 ]" 1 ^^" 1 ])^ = o 

for .g G Gp£. Hence z G 7? st (E,M) by corollary (4.5)(b). 
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(b) We suppose given a standard 2-coboundary b G B 2 t (_E, M) and we choose c G Ch pt (E, M) such that 
& = cd. Letting cq G Ch pt (n , M) be defined by (j>)cq := ([p])c, proposition (4.4)(b) implies that (m)bM P = 
( m ) b M P = for m e MpE and (h,g)b Gp = {h,g)b% p = (h,g)(c a d) for g, h G Gp£. 

Conversely, let us suppose that &m p = and suppose given a pointed 1-cochain c £ Ch pt (n ,M) with 
(h,g)b Gp = (h,g)(c d) for g, h G Gp£. Defining c G Ch pt (i?, M) by (g)c := (g)c for .9 G GpE, we have 

(m)(c9) Mp = (m)c = (m)c = 
for m G Mp and 

(h,g)(cd) Gp = (h)c- (hg)c + h- (g)c = (7t)c - (hg)c + h- (g)c = (h,g)(c d) 



for /i G GpE, that is, cd — b. Moreover, ([m])&M P 

n 



for all m G Mp£ and (fl^] -1 , [fl])&G P = 



(l,g)(c d) = for all g G Gp£. Hence b G Z| (£,M)nB^(£,M) = B 2 t (.E,M) by corollary (4.5) (b) 

(4.8) Definition (cocycle, coboundary and cohomology group of a 3-cocycle). For a 3-cocycle z 3 G Z 3 (n ,IIi), 
we set 



Z 2 ((no,IIi,z 3 ),M) : 

B 2 ((no,n!,z 3 ),M) 
H 2 ((no,n!,z 3 ),M) 



Hom no (IIi,M) Ma P (z3,M)| Ho 

,TT„ 

cpt V 



n (ni,M) 



x 9 ch 2 pt (n ,Af), 



{0}xB 2 (B ,M) and 



z 2 ((n , ni, z 3 ), M)/B 2 ((n , n 1; z 3 ), m). 



(4.9) Corollary. We have group homomorphisms <&i : Z^ t (E,M) — > Hom no (ni,M) and $ : Z 2 t (£, M) -> 
Ch 2 t (n ,M) given by (fc)(z$i) := (fcl)z Mp for k G II i and (q,p)(z$o) := ([?], [p])^G P for P,<? G n , z G 
Z 2 t (_E, M). These group homomorphisms fit into the following diagram, which is a pullback of abelian groups. 



Zl{E,M) 

Ch 2 pt (n ,M) 



Homn^n^M) 



Map(z ,M)| Ho m no (n 1 ,M) 



Ch 3 pt (n ,M) 



(z$i,z$o), 



The induced isomorphism 

<&: Z s 2 t ( J B,M)^Z 2 ((n ,n 1 ,z 3 ),M)^ 
whose inverse 

*: z 2 ((n ,n 1 ,z 3 ),M)^z 2 t (£;,M) 

is given by (m,h,g)((zi,c )^) = ((m[m]~ 1 ((m,h)K)~ 1 (h,g)K)(i\ Iml )~ 1 )zi + (h,g)c form G MpE, g,he Gp£, 
induces in turn isomorphisms B 2 t (£,M) -> B 2 ((n , z 3 ), M) and H 2 t (S,M) H 2 ((n , z 3 ), M). In 
particular, we have 

R 2 (E,M) =H 2 ((no,n!,z 3 ),M). 

Proof. By proposition (4.7) (a) (iv) and (v), the group homomorphisms $o and $1 are well-defined and the 
quadrangle commutes. To show that it is a pullback of abelian groups, we suppose given an arbitrary abelian 
group T as well as group homomorphisms ip a : T — > Ch 2 pt (n ,M) and ipi : T — > Homn (ni,M) such that 
93iMap(z 3 ,M)| H omn (n 1 ,M) = Pod, that is, with ([r, q,p\){ty\) = (r,q,p)((tip )d) for allp,g,r G n , t G T. For 
t G T, we define a pointed 2-cochain tcp G Ch pt (£, M) by 

{m,h,g)(t<p) := ((m[m]- 1 ((m,ft)/s)- 1 (/»,5)/s)(i| Iml )- 1 )(t ¥ Ji) + {h,g)(tip ) 

for m G Mp_B, g,h £ GpE. Then we_obtain (ra)(i^) Mp = ((m[m] _1 )(L| Im L ) _1 )(^i) for m G MpE and 
(/i, g)(t^)Gp = ((/i 5 5) K ( L | Im L )~ 1 )(t ( Pi) + (h,g)(t(po) for fif, h G Gp£. To show that tip is a standard 2-cocycle, we 
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verify the conditions in proposition (4.7)(a). Indeed, using [m[m] 1 ] = ([h], [g\)n = (1, h)n = 1 for to G Mp_E, 
g, ft G Gp E, we have 

(ro, /»,$)(*¥>) = ((m[mr 1 ((m,) 1 ) K )- 1 (fc,?) K )(L| Im r 1 )(%) + (MX^o) 
= ((mM^X^T 1 )^!) - ((m,/i)/ S ( l | Iml )- 1 )(^i) + + (h,g)(t<Po) 

= (m)(ttp) Mp - (m,h)(t(p) Gp + (h,g)(ttp) Gp 

since t<pi is componentwise pointed as well as 

{m)(tip) Mp = (m[m] _1 )(tyi) = {m[m]~ 1 )(tip)M P 

and 

(h,g)(tip) Gp = ((ft,fl)K(ir ml )- 1 )(t V Ji) + (h,g)(t<Po) = {{h,g)K){tip) Mv + ([ft], |)Wg p 

for m G MpE, 5, ft G Gp-E. Moreover, l(^)m p = i<£i G Homn (ni,M) and 

(M,pD(Mm p = ([r, g ,p]i)(^i) = (r,q,p)((t(f )d) = {r,q,p){{{s° x s°){t<p) Gp )d) 

for p, g, r G n . Altogether, tip G Z 2 t (E,M) for all i G T, and we have constructed a well-defined group 
homomorphism <p:T^r Z 2 t (E,M). Finally, we have 

= (fci)(^) Mp = (fc)(*¥>i) 
for fc G 111, i G T, and 

(«,p)((*¥>)*o) = (M' W)(Mg p = (([?], WKil 1 " 11 )- 1 )^!) + («,p)(*¥>o) = («,p)(*¥X>) 
for p, g G IIo, t G T, that is, </?<I>i = y>i and <p<3?o = </?o- 

Conversely, given an arbitrary group homomorphism ip: T — > Z 2 t (E,M) with </?<f>i = ipi and = <p , we 
necessarily have 

(m)(tp) Mp = (mH-'jWMp - ((mM^XtrT 1 )^!) = ((m[m]- 1 )( L | Im 
for m G Mp E, and 

(h,g){ttp) Gp = {{h,g)n){tip) Mp + ([ft], [j])(f^) Gp = ((h,g)n)(t<p) M p + (h,g)(t<p<f> ) 
= ((ft, 3 K L | ImL )- 1 )(^ 1 ) + (ft,5)(^ ) 

for g, ft G GpE. This shows the uniqueness of the induced homomorphism. Altogether, the diagram under 
consideration is a pullback of abelian groups. 

Our next step is to show that the induced isomorphism $: Z 2 t (.E,M) — > Z 2 ((IIo, III, z 3 ), M) restricts to an 
isomorphism B 2 t (E, M) — > B 2 ((n , IIi, z 3 ), M). Given a standard 2-coboundary b G B 2 t (E, M), proposi- 
tion (4.7)(b) states that &m p = and that there exists a pointed 1-cochain c G Ch pt (n ,M) with (h,g)b Gp — 
(h 7 g)(c d) for g, ft G GpE. In particular, M>i = and 

(q,p)(b$ ) = ([q],\p})b Gp = (q,p)(c d) 

for p, q G n and hence &<j> G B 2 (il ,M). Conversely, we suppose given a standard 2-cocycle b G Z 2 t (E,M) 
with 6$i = and &$o G B 2 t (n , M), that is, there exists a pointed 1-cochain Co G Chp t (n , M) with &$ = c o<9. 
Then 

(m)6 Mp - (mM-^Mp = ((m[m]- 1 )(i| Im T'X^i) = 
for all to G Mp and 

(h,g)b Gp = {(h,g)K)b Mp + ([ft], [s])&G P = (h,g)(b<P ) = (h,g)(c d) 
for all g, ft G CpE. Hence 6 is a standard 2-coboundary by proposition (4.7)(b). 

Altogether, $ restricts to an isomorphism B 2 t (E 7 M) — > B 2 ((n , IT, z 3 ), M) and hence induces also an isomor- 
phism H 2 t (E, M) ->■ H 2 ((n ,ni,z 3 ),M). Moreover, corollary (4.5)(c) implies that 

U 2 (E,M) = R 2 JE,M) =H 2 ((n ,n 1 ,z 3 ),M). □ 



28 



(4.10) Corollary. For z 3 ,S 3 G Z c 3 pt (n ,n!) with z 3 B 3 pt (n , IT) = z 3 B 3 pt (n , III), we have 

H 2 ((n , n 1; z 3 ), m) = H 2 ((n , n 1; s 3 ), m). 

Proof. We suppose given 3-cocycles z 3 ,z 3 G Z 3 pt (n ,IIi) with z 3 B 3 pt (n , IIi) = z 3 B 3 pt (n , IIi). By construc- 
tion of the standard extension E(z 3 ), the 3-cocycle of the standard extension E(z 3 ) with respect to the standard 
section system (s* 3 ,s° 3 ) is given by z |( z 3) ( s i s o j = z 3 , cf. section 2.16. Moreover, by [32, prop. (6.5)] there 

exists a section system (s^s^) for E(z 3 ) such that Ze(z 3 ) (s 1 s° ) = ^ '• Thus corollary (4.9) implies 

H 2 ((no,IIi,z 3 ),M) = H 2 (E(z 3 ),M) = H 2 ((n ,IIi,z 3 ),M). □ 

We finish this section by a direct algebraic proof that extension equivalent crossed module extensions yield 
the same second cohomology group, as to be expected from a weak homotopy equivalence, cf. for example [32, 
rem. (4.5)]. 

(4.11) Proposition. We suppose given crossed module extensions E and E of n with IIi and an extension 
equivalence ip: E — > E. Moreover, we suppose given a section system (s 1 , s°) for E and a section system (s 1 , s°) 

for E such that S° = s°(Gp<^) and s 1 (Mp i p) = (Gp^lJ^^S 1 . ( 7 ) 

The induced group homomorphism Z 2 (cp,M): Z 2 (E,M) — > Z 2 (E,M) restricts to a group isomorphism 
Z st,(sVO)(£,A0 -> z tt,(sKs«)( E ^ M )' which induces in turn isomorphisms B 2 t{slsQ) (E,M) -> B 2 t (sl s0) (£, M) 
H s 2 t (sl iS - 0) (£,M) -I H s 2 t i(alia0) (f?,M). 

Proof. To show that Z 2 (ip,M) restricts to a homomorphism Z 2 t (E,M) — > Z 2 t (E,M), we have to show that 
zZ 2 (tp,M) G Z 2 t (E,M) for every given standard 2-cocycle z G Z 2 t (E, M). By corollary (4.5)(b), we have 
(ms^ZMp = (g(57r^s ) _1 ,57t^s )zG p = for all rh G Mp£, <? G Gp£. Since s°(Gp^) = s° and s'(Mp^) = 
(Gp^)I^^S 1 , it follows that 

(ms 1 )(zZ 2 (ip, M)) Mp = (ms 1 ip)z Mp = (mips 1 )z Mp = 

for all m G Mp E and 

( 5 ( ff 7t £ S )- 1 ,.g7r £ S °)(zZ 2 (^,M)) Gp = ((^(^V)" 1 , <?^V)zGp 

= ((^((^Tt^s )" 1 , {gtf^ZGv = 

for all .g G Gp£, that is, zZ 2 (ip, M) G Z 2 t (E,M) by corollary (4.5) (b). Hence Z 2 (ip, M) restricts to a well-defined 
homomorphism 

Z 2 (^,M)||JJj: Z 2 t (^,M) -> Z 2 t (£,M). 

Now, [32, prop. (5.14) (c)[ implies that z 3 E s0 ^ = z|, ^ _ Q ^. By corollary (4.9), we have isomorphisms 

<£> : Z 2 t (£, M) -> Z 2 ((n , IIi, z 3 ), M), z h> (z$ 1; z$ ) 

given by (fc)(z$i) := (fcL £ )z Mp for fc G IIi and (<7,p)(z$ ) := (<?s ,ps°)z G p for p, q G n , z G Z 2 t (E, M), and 

$: Z 2 st (E,M) Z 2 ((n ,n 1 ,z 3 ),M),z ^ (Mi,5$ ) 

given by (fc)(zl>i) := (fci^)z Mp for fc G IIi and (q,p)(z$ ) := (<7s ,ps°)z Gp for p, g G n , z G Z 2 t (E,M). To 
show that Z (<p, M)| Z 2*^' M j is an isomorphism, it suffices to verify that $ = (Z 2 (<p, M))| z J^' M j$. Indeed, 
given z G Z 2 t (E, M), we have 

fc(zZ 2 (^,M)$x) = (fci B )(zZ%,M)) Mp - {ki E <p)z Mp = {k^)z Mp = fc(z$i) 

7 Such section systems exist, cf. for example [32, prop. (5.16)(b)|. 
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for all k G ITi and 

((Z,rt(5Z 2 (^,M)$o) = (qs°,ps°)(zZ 2 (<p,M)) Gp = (qa ip, P 8 ip)zG p = (qs°,ps°)z Gp = (g,p)(z* ) 
for all p,g G n , that is, $ = (Z%, M))|^jJJJ$. 

Moreover, the induced homomorphism B 2 (<^, M) also restricts to a well-defined homomorphism 

B 2 (^, M)|g[ |Jj : B s 2 t (£, M) -> B 2 t (£, M), 

cf. definition (4.2) (b), which is an isomorphism since 

^B^dncn,/)^) _ , r2 , / , n ,B^(iJ,M)w <B| B^ M ((no,n 1 ,z 3 ),M)^ 

'B^ t (E,M) ~ W' 1V1 '\B2 t (E,M)>^\Bl(E,M) > 

and since ^\^2^^ Ul ' Z and $|g^|,^' ni ' z are isomorphisms by corollary (4.9). 
Finally, it follows that we get an induced isomorphism 

R 2 st (E,M)^B 2 st (E,M). □ 

5 Second Eilenb erg- Mac Lane cohomology group 

Until now, we have worked with crossed module extensions. Since every crossed module gives rise to a canonical 
crossed module extension, we can now formulate Eilenbergs and Mac Lanes theorem in the context of crossed 
modules and simplicial groups. 

(5.1) Definition (first Postnikov invariant). 

(a) Given a crossed module V, the cohomology class associated to the canonical extension 

ni (y) ^ Mp V -A G P V ^ n (V) 
will be denoted by ky := cl(V) G t (7to(V), 7ti(V)) and is called the (first) Postnikov invariant of V. 

(b) Given a simplicial group G, we call kg := cl(Trunc G) G H 3 pt (7T (G), 7ti(G)) the first Postnikov invariant 
ofG. 

(5.2) Definition (second Eilenberg-Mac Lane cohomology group, cf. [12, sec. 3]). 

(a) We suppose given a crossed module V and a componentwise pointed 3-cocycle z 3 G Zj? t (7to(V),7ti(V)) 
with k y = z 3 B 3 pt (7T (U), 7ti(V)). The second Eilenberg-Mac Lane cohomology group of U with respect to 
z 3 and with coefficients in M is defined by 

Hem,,s(^ M) := H 2 ((7t (y), m(V), z 3 ), M). 

(b) We suppose given a simplicial group G and a componentwise pointed 3-cocycle z 3 G Z 3 pt (7T (G), ri\(G)) 
with kg = z 3 Bj? pt (7t (G), 7ti(G)). The second Eilenberg-Mac Lane cohomology group of G with respect to 
z 3 and with coefficients in M is defined by 

H| M ,,3 (G,M) := H 2 ((7ib(G),7ti(G),« 3 ),M). 

We have already seen that the isomorphism class of the second Eilenberg-Mac Lane cohomology group of a 
crossed module does not depend on the choice of a specific 3-cocycle in its associated cohomology class: 

(5.3) Remark. Given a crossed module V and componentwise pointed 3-cocycles z 3 ,z 3 G Z 3 pt (7to(U), TCi(V)) 
with k 3 , = z 3 B 3 pt (7T (U),7T 1 (U)) - z 3 B 3 pt (7t (n^i(^)), we have 

H 2 M; ,3(F,M)-H 2 Mi - 3 (F,M). 

Proof. This follows from corollary (4.10). □ 
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(5.4) Theorem (cf. [12, th. 2]). 

(a) Given a crossed module V, an abelian 7to(V)-module M and a componentwise pointed 3-cocycle z 3 £ 
Z^i-noiV^MV)) with 14 = ^^(Tto^.Tii^)), we have 

R 2 (V,M)=Ul^ z3 (V,M). 

(b) Given a simplicial group G, an abelian 7T (G)-module M and a componentwise pointed 3-cocycle z 3 G 

(Tib (G), 7ii(G)) with k 3 G = z 3 B3 pt ( 7 r (G),7T 1 (G)) ! we have 

H 2 (G, M) = Hg Mz 3 (G, M) . 

Proof. 

(a) This follows from corollary (4.9) and remark (5.3). 

(b) Applying proposition (3.13) and (a), we obtain 

H 2 (G, M) = H 2 (Trunc 1 G, M) = H 2 M z3 (Trunc 1 G, M) = H 2 M z3 (G, M) . □ 

(5.5) Corollary (cf. [12, sec. 4[). 

(a) We suppose given a simplicial group G and an abelian 7to(G)-module M. 

(i) If k G = 1, then 

H 2 (G, M) = Hom 7to(G) (7t 1 (G), M) © H 2 (7t (G), M). 

(ii) If Hom 7to(G) (7t 1 (G),M) - {0}, then 

H 2 (G,M) £ H 2 (tt (G),M). 

(b) We suppose given a crossed module V and an abelian 7to(V)- module M. 

(i) If = 1, then 

H 2 (y,M) = Hom 7to(y) (7t 1 (t/),M) ®R 2 (n a (V),M). 

(ii) If Hom 7to(y) (7t 1 (T/),M) = {0}, then 

H 2 (V,Af) = H 2 (tt (T/),M). 

Proof. 

(a) (i) If k G = 1, then we have Z 2 ((tt (G), 7ti(G), 1), M) = Hom 7to(G) (7ti(G), M) x Z^ pt (7T (G), M) and 

hence 

H 2 (G, M) = H| M1 (G, M) = H 2 (7t (G), 7ti(G), 1), M) 

= Hom no{G) (Tti (G) , M ) x H 2 pt (tt (G), M) S Hom^ (G) (m (G) , M) © H 2 (tt (G) , M) 

by theorem (5.4). 
(ii) If Hom 7to(G) (7t 1 (G),M) = {0}, then we get 

H 2 (G,M) = H| M; , 3 (G,M) = H 2 (7ib(G),7ti(G),« 3 ),M) - H 2 pt (7t (G), M) = H 2 (tt (G), M), 

where z 3 G Z» rt (7ib(G), ^(G)) with k G = z 3 B3 pt (7t (G), m(G)). 

(b) This follows from (a) applied to the simplicial group Coski V. □ 
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(5.6) Question (cf. [12, sec. 5]). 

(a) We suppose given a crossed module V and an abelian txq(V)- module M. How can theorem (5.4) be 
generalised to obtain a description of H"(V, M) for n > 3 in terms of n (V), 7ti(V) and ky? What about 
such descriptions for homology? 

(b) We suppose given a simplicial group G and an abelian 7T (l / )-module M. How can theorem (5.4) be 
generalised to obtain a description of H"(G, M) for n > 3 in terms of homotopy groups and Postnikov 
invariants? What about such descriptions for homology? 

Finally, we discuss some examples. 

(5.7) Example. We suppose given a group n and abelian n -modules Hi and M. We let E be the crossed 
module extension 

ni ^ ni ^>n ^n . 

Then we have 

R 2 (E,M) ^Hom no (n 1 ,M)eH 2 (n ,M). 
Proof. The 3-cocycle of E with respect to the unique section system (triv, idn ) for E is trivial and hence 

H 2 (E, M) = Homn (IIi, M) H 2 (n , M) 
by corollary (5.5)(b)(i). □ 

(5.8) Example. We suppose given a simplicial group G such that 7ti(G) is finite. Then we have 
H 2 (G,Z) =H 2 (tt (G),Z). 

Proof. Since 7ti(G) is finite, we have Hom 7l0 ( G \(7ti(G), Z) = {0}, whence corollary (5.5)(a)(ii) applies. □ 

(5.9) Example. We suppose given a simplicial group G with 7t (G) = tti(G) = C 2 . For n e No, we have 



H 2 (G,Z/n) 



fHom(C 2 ,Z/n) ©H 2 (C 2 ,Z/n) if kg, = 1,1 
\H 2 (C 2 ,Z/n) if 4^1, J 

'Z/2 ifn = 0, 

{0} ifneN, 2{n, 

Z/2® Z/2 if n G N, 2 | n, k G = 1, 

Z/2 if n G N, 2 | n, k G ^ 1, 

where Z/n is considered as a trivial C2-module. 

Proof. The assertion for k G = 1 is a particular case of corollary (5.5)(a)(i), so let us suppose that k G ^ 1. For 
n = 0, we get the assertion from example (5.8). So let us suppose given an n E N. By the additivity of H 2 (G, — ) 
resp. H 2 (7to(G), — ) and the Chinese Remainder Theorem, it suffices to consider the case where n — p e for a 
prime p and e £ N. If p > 2, we have Hom 7t0 ( G )(7Ti(G), Z/p e ) = {0} and hence 

H 2 (G,Z/p e )=H 2 (7r (G),Z/p e ) 

by corollary (5.5) (a) (ii). 

It remains to consider the case n = 2 e for some e G N. We let x be the generator of 7t (G), we let y 
be the generator of 7Ti(G) and we let z 3 G Zj? pt (7t (G), 7Ti(G)) be a componentwise pointed 3-cocycle with 
k G = z 3 Bj? pt (7t (G),7ti(G)). Since k G ^ 1, we have z 3 ^ 1 and hence 



(r,q,p)z 3 



1 for (r,q,p) (x,x,x), 
V for (r,q,p) = (x,x,x). 
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Now Hom 7t0 ((3)(7ti(G),Z/2 e ) = Hom(7ti(G), Z/2 e ) has a unique non-trivial element z\\ Ti\(G) — > Z/2 e , which 
maps y to yz\ = 2 e ~ 1 . But for all cq e Ch 2 pt (7to(G), Z/2 e ), we have 

(x, x, x)(c <9) = (x, x)c - (x, l)c + (1, x)c - (x, x)c = ^ 2 e ~ 1 = yz\ = (x, x, x)£ 3 zi. 
Hence there does not exist a cochain c € Ch 2 pt (7To(G), Z/2 e ) with z 3 zi = c <9. It follows that 

Z 2 M ^ 3 (G,Z/2 e ) = {0} x Z c 2 pt (7t (G),Z/2 e ) 
and thus 

H 2 (G,Z/2 e ) -H| M z3 (G,Z/2 e ) =H2 pt (7t (G),Z/2 e ) =H 2 (7t (G),Z/2 e ). □ 

(5.10) Example. We consider the crossed module V with group part GpV = (a | a 4 = 1), module part 
MpV = (6 | b A = 1), structure morphism given by b\i — a 2 and action given by a b — b" 1 , cf. [30, ex. (5.6)]. 
Then we have 



H 2 (V,Z/n) 



Z/2 for n e N even, 
{0} for n G N odd. 



Proof. The homotopy groups of V are given by n (V) — (x) with x := a(Im|j.) and 7ti(V) = (y) with y := 6 2 , 
and we have 7t (V) = 7ti(V r ) = C2. Now (s 1 , s°) defined by s° : n (V) — > Gp V,l H a and s 1 : Im — > 

MpV, 1 l,a 2 i-> 6 is a section system for V. We let (Z 2 ,^ 1 ) be the lifting system coming from (s^s ). It 
follows that (x,x)z 2 = (xs°)(xs )(ls°) _1 = a 2 and therefore (x,x)Z 2 = c^s 1 = b. Finally, 

(x,x,x)z 3 = (x,x)Z 2 (l,x)Z 2 ((x,l)Z 2 )- 1 f zl (x,x)Z 2 )- 1 = b "(fe^ 1 ) = b 2 = y 

and therefore z 3 7^ 1. Since 

(x,x,x)(c 2 d) = (x,x)c 2 ((x,l)c 2 )- 1 (l,x)c 2 ( a: (x,x)c 2 )- 1 = (x,x)c 2 ((x,x)c 2 )- 1 = 1 

for every componentwise pointed 2-cochain c 2 G Chl pt (n (V) , 7ii(V)), we conclude that z 3 ^ B 3 pt (7t (F), 7ti(V)) 
and hence ky 7^ 1. The assertion follows now from example (5.9). □ 
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